Estimating Dynamic Equilibrium Models using Mixed

Frequency Macro and Financial Data

Web Appendix

Bent Jesper Christensen®? . Olaf Posch(“?), and Michel van der Wel(:)

(@) Aarhus University, ¥’  CREATES, () Universitit Hamburg,
(D Erasmus University Rotterdam

April 18, 2016

Contents
A Alternative estimation approaches 1
A.1 The regression-based approaches . . . . . . . . . .. ... ... ... 1
A.1.1 Reduced-form model . . . . . . ... ... 1
A.1.2 Cross-equation correlation . . . . . . . .. .. ... ... ... ... 2
A.1.3 Endogeneity . . . . . . ... 3
A.1.4 Minimum distance . . . . . . ... 3
A2 The SUR estimator . . . . . . . . . . . . . ... 5
A.3 Transition probability matrix . . . . . .. ... 6
B Comparison to the discrete-time model 7
B.1 Themodel . . . . . . . . . 7
B.2 The Euler equation . . . . . . . . ... 8
B.3 Equilibrium dynamics . . . . . . ... 9
B.4 The AK-Vasicek model with logarithmic preferences . . . . . . . . .. .. .. 10
B.5 Log-linear approximation, discrete-time AK-Vasicek model . . . . . . . . .. 11
B.6 Summary of the two empirical specifications . . . . . . ... ... ... ... 15
B.7 Residual Covariance Matrix and MEF . . . . . . .. .. ... .. ... ... 17
B.8 Calibration of model parameters - periodic rates . . . . . . .. .. ... ... 19
B.9 Calibration of model parameters - stochastic depreciation . . . . . . . . . .. 20
B.10 Asset pricing . . . . . ... 20



C MEF extensions, and MEF with five conditional moment restrictions
C.1 AK-Vasicek-RSmodel . . . . .. .. . .. ...
C.2 AK-Vasicek-SV model . . . . . . ...

C.3 MEF with five conditional moment restrictions . . . . . . . . . . . . . . ...

D Additional Simulation Evidence
D.1 Simulation results: MEF extensions . . . . . . . . .. .. .. ... ......
D.2 Robustness: Time invariance, high-frequency data, and the comparison to

discrete time . . . . . . . .. L
E Appendix Tables

References

21
21
24
26

27
27

32

39

48



A Alternative estimation approaches

A.1 The regression-based approaches

In this section we propose regression-based procedures to obtain benchmark parameter esti-
mates. To start with, we employ unrestricted ordinary least squares (OLS) to get reduced-
form parameters, although this does not identify the structural parameters of interest. Next,
we consider cross-equation correlation, controlling for endogeneity through instrumental vari-

ables (IV), and estimation of structural parameters by minimum distance.

A.1.1 Reduced-form model

With s —t fixed at A, and using the proxy series 7; in (17), the system (15) is linear in a set

of reduced-form parameters and may be recast as
Yir = T + €4, J=CY,r, (A1)

where the left-hand side variables are yo; = In(Cy/Ci_a) — ftt_ A ridv, yyy = In(Y;/Yi_n) —
ftt_ A ridv, and y,; = rtf ' The right-hand side variables z; = (¢, Ty, Try), With zo, =
1, oy, = (1, [ (1/fudv, [ 1/72dv), and @7, = (1,7-a). The reduced-form or linear
parameters, Ao, By = (Bv1, By, Bya)T, and B, = (Bu1, B2)T, are given in terms of the

structural parameters ¢ = (k,7,7n,p,0,0)" as

Be = —(p—30%) A, (A.2a)
BY,I = - ('% +p— %0-2) Av
Bya = K, (A.2b)
Bysz = —%772,

1 = (1—e ™) (y—=6—0?),
T Z LoE ) (A.20)

Hence, the system (15) can be summarized in the form of simple regression equations, with

error terms given by

Ecx = U(Zt — Zt_A), (A3a)
t
vyt = / n/'f’vdBv + U(Zt - Zt—A)v (Agb)
t—A
t
Ery = ne A / er=(t=2)gp, . (A.3c)
t—A

In cases where § and o in (17) are identified by the remaining system of equations, we may interpret
fixed values §y and o¢ in the construction of the auxiliary variable 7, as starting values, then estimate the full
set of parameters of the model and update the values for §; = Si,l and o; = 6;_1 recursively for i = 1,2,...
Alternatively, a nonlinear one-step regression-based approach could be implemented.



Using iterated expectations and the properties of stochastic integrals, if the parameters are
at their true values, including d§y and og in (17), then the error terms are clearly serially un-
correlated, i.e., E(g;€j1-n) =0, j = C,Y,r. For a simple reduced-form estimator, linearity

in 3 suggests unrestricted equation-by-equation OLS,
B = (:L’J»ij)_lx;yj, ji=CY,r, (A.4)

where z; is the matrix with typical row x;; and y; the vector with typical entry y;;. The
structural parameter estimates, obtained by minimum distance applied to the reduced-form
estimates (A.4) using the link (A.2a)-(A.2c) (or by an asymptotically equivalent restricted
nonlinear least squares regression), serve as useful benchmarks for assessing more elaborate
structural approaches. We next discuss enhancing the basic OLS-based estimators by correc-
tion for contemporaneous cross-equation correlation of errors and endogeneity of right-hand
side variables, then present the minimum distance approach yielding the structural param-

eter estimates.

A.1.2 Cross-equation correlation

The estimators (A.4) allow for different variances of the error terms ¢;,, say, 0']2-, j=C Y r,
as they are implemented separately by equation. However, they do not exploit all other
properties of the errors. The present model structure implies both different right-hand side
variables (indeed, of different dimensions) across the equations, and cross-equation corre-
lation of the errors. In particular, from (A.3a)-(A.3c), the term o(Z; — Z;_a) is common
to both ec; and ey, whereas both ey, and ¢,; involve stochastic integrals with respect to
B,. Classical seemingly unrelated regressions (SUR) analysis is intended to exploit such
cross-equation correlation in the errors to improve efficiency in estimation exactly in cases
where the right-hand side variables are not common across equations. This suggests that
a standard SUR correction of the reduced-form estimates should be more efficient than the
OLS estimates, and, hence, that structural parameter estimates backed out from the SUR
estimates (using minimum distance) should dominate those based on OLS.

Let € be the T' x 3 matrix of OLS residuals, with typical row (£cy, €y, Ert), where T is
the number of time periods in the data set. The SUR estimate of the 3 x 3 contemporaneous
system variance-covariance matrix is 3 = ¢'¢/T (in particular, the residual variance esti-
mates along the diagonal coincide with the standard OLS assessments), and the FGLS-SUR

estimate of 3 = (B¢, By, 37)7 is
Bsur = (z"V7la) 2TV Ny, (A.5)

where y is the 37-vector stacking the y;,  is the conformable matrix with the z; along
the block-diagonal, and V! = 7! ® I, with I the identity matrix and ® the Kronecker



product. The variance-covariance matrices of the SUR (and OLS) estimators are given in
Appendix A.2.

A.1.3 Endogeneity

The regression approaches (OLS and SUR) do not control for possible endogeneity of right-
hand side variables in (15), and hence (A.1), which may be an issue in the DSGE model. In
particular, ry; includes two integrals involving the evolution of the auxiliary variable in (17)
from ¢ — A through ¢ and so is correlated with both ¢,; and ey,;. The standard regression-
based tool for handling endogeneity is instrumental variables (IV). Here, we consider first-
stage regressions of each of zy ;o = ftt_ AL/Fydv and @y 3 = ftt_ A 1/72dv on their respective
lags zy;_a2 and zy;_a 3 and an intercept. Next, in the computation (A.4) of B\y, fitted
values from the first stage regressions replace xy,, and xy;s. Third, fitted residuals are
calculated using the new second stage estimate B\y but the original zy ;5 and xy, 3 (not their
fitted values from the first stage), and these residuals form the basis of the IV assessment
of 3. Finally, an FGLS-SUR-IV step is carried out using this new S in calculating ﬁqUR in
(A.5) and again using the fitted values for xy,; o and zy, 3. This combination of FGLS, SUR,
and IV (labeled FGLS-SUR-IV) appears to be novel.

Note that the lagged values of the relevant integrals involving the auxiliary variable 7,
t—2A < s <t— A, may correlate with 7,_a, and hence with ey, from (A.3b), although
presumably less than without lagging (this is the idea of the instrumentation). Any such
correlation between the error terms and the right-hand side variables (even when using
fitted values) indicates that part of the endogeneity issue remains. For a full solution and a
consistent and asymptotically efficient estimator, we therefore present the MEF approach in

the main text, exploiting the martingale structure of the model.

A.1.4 Minimum distance

The structural parameters are ¢ = (k,7,7,p,0,0)", a total of six. They are identified
by exploiting the way in which they enter into the reduced-form parameters 8 = (o).
From (A.2a)-(A.2c), we may this way identify p — %0'2, k, v, 1, and § + o2, i.e., three
structural parameters, and two independent combinations of the remaining three. Note that
this identification is conditional on the chosen value &y + o3 in the auxiliary variable 7; that
enters the regressors in (A.1). When iterating, this value is updated, as exactly the parameter
combination § + o2 is one of the five that are conditionally identified. Ultimately, this
identifies these five parameter functions. Instead of obtaining the five parameter functions,
one can impose restrictions on p, §, or o2 to identify all other parameters. Instead, without

the need for such additional restrictions, it is possible to separate p, §, and o2, and thus



identify all six structural parameters, by exploiting the functional form of the error variances
(the variances of (A.3a)-(A.3c)). Indeed, including the variance of the residual (A.3a) from
the consumption equation as a separate moment along with the relations (A.2a)-(A.2c)
clearly identifies 02 and thereby the full parameter vector ¢, i.e., all six structural parameters.

Why should we rely on the first moment conditions and thus the regression coefficients,
only, if they do not identify all structural parameters? In models with, say, stochastic volatil-
ity or more elaborate preference specification, the error term of the consumption equation
becomes intractable (like the residual of the output equation). In such a case, the econo-
metrician may exploit the martingale property only, without considering second moment
conditions - namely, the form of the error variances and covariances. Because we want to
keep our analysis applicable to such specifications, we focus on how to estimate the (iden-
tified) parameters from first moments in the main text, without going to higher moments.
For comparison we show the results if we used the residual variance of the consumption and
the interest rate equation in this web appendix.

In the given setup, with either five or six structural parameters thus identified, we extract
estimates of them from the OLS, SUR, or FGLS-SUR-IV reduced-form parameter estimates
using a minimum distance approach. We carry out minimum distance estimation based on
either of three different unrestricted parameter sets w;, ¢ = 1,2, 3, from the reduced-form
regressions: (1) the estimates of 5 in (A.2), i.e., the theoretical and empirical moments to
match with respect to choice of ¢ are wy(¢) = 5(¢) and &, = S (this is the first moments
or regression coefficients only case); (2) 3 along with the variance 62A of the consumption
equation residual in (A.3a), so that wy(@) = (wi1(¢)T,0?A)T and &y = (&, Bee) T, with
Sce the upper left entry in the residual covariance matrix 3 (3) 5 along with the variances
of the consumption and interest rate residuals (A.3a) and (A.3c), w3(¢) = (wa(¢) T, 37%(1 —

e=28) /)T and &g = (@7, 3,,)T. In each of the three cases, we solve the problem

~ ~

. ~NT A—-1 ~
¢ = arg m(;n (Wi(¢) - Wi) Q; (Wi(¢) - Wi) .
Here, the relevant metrics are given by the precisions of the reduced form estimates
b y b
CC T CY . T Cr T
Yvoxe XYV rory XYmoo,
-1 _ YO, T Y'Y T Y, T
Q= Y ryre X ayry Xy |,
Yrloe YValzy Yz,

. he Ogx1 . Oyt O7x1
Q2 — /\2 -1 5 Qg = ,\2 -1 R
O1x6 (2200) Opr (zzrr)

with 3 the (i,7)’th entry in Ity
The indicated matrix Q! is for the case where the reduced form estimates § are obtained
using SUR, i.e., Q; = Vsyg. If 3 is instead obtained by OLS as in (A.4), then the correct
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Q1 = Vorg is given in Appendix A.2. A naive OLS assessment of Ql_l would have zero
off-diagonal blocks, and diagonal blocks Z a: x; in the minimum distance approach. With
endogeneity correction, i.e., the reduced form estimates are obtained by FGLS-SUR-IV,
again the minimum distance approach requires a variance-covariance matrix, and this has
the same form as in the SUR case, but with the new S from the FGLS-SUR-IV approach
and with fitted values for the relevant portions of x.

In case (1), using first moment conditions and thus [, only, to set up the minimum
distance problem, estimators that are asymptotically equivalent to the resulting minimum
distance estimators are alternatively obtained by restricted (nonlinear) regression, minimiz-
ing the OLS respectively the SUR objective function with respect to ¢ under the relevant
restrictions (A.2a)-(A.2c) on B. In particular, the OLS objective is >._. ., 5]-Taj/ZA)jj and
the SUR objective Ethl g >71e,, where ej and &, are residual vectors of dimension 7" and
3, respectively, with elements ¢;,. In cases (2) and (3), when estimated residual variances
are used along with the relations (A.2a)-(A.2c) to identify structural parameters in the
minimum distance case, then an asymptotically equivalent estimator may be obtained by
iterating on structural parameters as they enter both £; and ¥ = ¥(¢), used instead of Y in
the modified SUR objective function, say, SUR*(¢) = Zle e(9)[X(¢) te(¢),, or, even bet-
ter, T'log |3(¢)| + SUR*(¢). This use of (minus twice) the Gaussian log-likelihood function

amounts to quasi maximum likelihood (QML) since clearly ey, in (A.3b) is non-Gaussian.

A.2 The SUR estimator

The standard SUR assessment of the asymptotic variance-covariance matrix of BSUR is
Vsur = (7 V~'z)~'. Note that the (i,7)’th block of the matrix being inverted is ¥z z;,
with $% the (7,7)’th entry in . Thus,

YCrLre SValay ECTxCxT
’ _ YC SYY LT Y
Vsur = )y xyxc Y ryxy )y T:)syxr

Z"C:BTTxc Y¥a wy Z”:BTTxT

If the covariances iij (1 # j) are zero, then the estimated asymptotic variance of Bj coincides
with the OLS assessment ijj(x;xj)_l. More generally, the SUR approach suggests that the

variance-covariance matrix Vorg of the unrestricted OLS estimator from (A.4) has blocks
estimated as 3y;(z] ;)" 'a] z;(x] x;) 7, Le., Vors equals

Soo(eire) M ahre)(wlze) ™ Soy(wbze) wbay)(ayay) ™ Seor(ebae) ™ (wba) (x) 2) ™!
Yyclayry) Hzyae)(@ioe) ™t Syy(eyay) H(ayay)(zyay) ™t Sy, (eyey) H(aye,) (2] 2,)
Y :
, by

27“0(1':‘%7,)_1(1':170)(:EEJL'C)_I ZTY(x )" 1(1':1'1’)(1’;1'1’)_1 Tr(x:xr)_l(x:xr)(:x::xr)_l

and Vors > Vsug in the partial order of positive semi-definite matrices.

T
r
T -1
r



A.3 Transition probability matrix

This section derives the transition probability matrix for the continuous-time Markov chain
of the regime-switching model (cf. Section 3.3.2).
Consider the following question that we use in our estimation approach: If the volatility
is high at time s < ¢, then what is the probability that volatility is high at time ¢?7
Following Ross (2014, p.371), let P;;(t) = P (. =n; | ns =n;) for s < t denote the
probability that a process presently in state ¢ will be in state j at time ¢, and ¢;; the
instantaneous transition rates, when in state i, at which the process makes a transition into

state j. We shall derive the desired probability, namely Py, (t) by solving

Phh(t) = ¢hl [Plh(t) - Phh(t)] )
Pi(t) = éu[Pun(t) — Pin(t)],

Py (t) = limy, o[ Pyj(t + h) — Py (t)]/h for all i, j € © with initial conditions Py (s) = 1 and
Py(s) = 0. The solution to this system of ODEs is given by:

i O _ N
P (1) = 4 e~ (Pnitdun)(t 3)’ A6
(1) On+ G O+ O (A.6)
Pu(t) = Pin Pin e~ (Bnit+din)(t—s) (A.7)

Oni + b, a On + i

Hence, the transition probability matrix of the continuous-time Markov chain for s <t is

Pu(t)  Pu(t)
P(t> = |: Phl(t) Phh(t> :| ) (AS)

in which Py(t) =1 — Py (t) and Py(t) =1 — Pup(t).
If we let Py(s) denote the unconditional probability of being in state 6, at time s, the

unconditional probability of being in the same state at time ¢ > s is then
Ph<t) = Ph<8)Phh<t) + (1 - Ph(S)) Plh(t)

In the limit as t — oo the unconditional probability of being in the high regime is

. Oin
lim P,(t) = ———.
t—o00 () Pni + Pin
A similar procedure yields the unconditional probability of being in the low regime as
. Oni
lim P(t) = ———.
t—o00 1) O+ i

Conversely, from (A.6) and (A.7) we can back out the instantaneous transition rates of the

Poisson processes, ¢p; and ¢y, from any given transition probability matrix.
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B Comparison to the discrete-time model

We now develop the model in discrete-time formulation in order to compare both approaches.
Before we start it is important to note that all state variables are directly comparable,

whereas the flow variables are expressed as periodic rates (instead of instantaneous rates).

B.1 The model

Production possibilities. For the ease of readability, we present the full model below. The

production function is a constant returns to scale technology
Y;t = AtF(Kt7 L)7 (Bl)

where K is the (predetermined) aggregate capital stock, L is the constant population size,

and A, is total factor productivity, which follows an autoregressive process
Appr = A = 1(Ar) +1(Aearr,  €a~N(0,1), (B.2)

with p(A;) and n(A;) generic drift and volatility functions.? The capital stock increases if

gross investment [; exceeds capital depreciation,
K — K, =1 — SKt + 0 K€k 41, €x ~N(0,1), (B.3)

where § is a deterministic rate of depreciation and & determines the variance of the stochas-
tic depreciation.® Similar to the continuous-time version, the stochastic depreciation does
depend on the level of the predetermined capital stock.

Equilibrium properties. In equilibrium, factors of production are rewarded with marginal
products 7, = Yx and w; = Y7, subscripts K and L indicating derivatives, and the goods
market clears, Y; = C;+1;. Although there is no stochastic calculus for discrete-time models,

we may express the evolution of equilibrium output in this economy as
Yigr = (A + i Ay) + (A eayr) FOK + 1 — 0K, + dKiek 41, L). (B.4)

Preferences. Consider an economy with a single consumer, interpreted as a representative
“stand-in” for a large number of identical consumers. The consumer maximizes expected

additively separable discounted life-time utility given by

Uo=Ey»_ Bu(Ch Adt, uc >0, uce <0, (B.5)
t=0

2We assume that E(A;) = A € R exists, and that the sum describing life-time utility in (B.5) below is
bounded, so that the value function is well-defined.

31t is insightful to relate the two shocks in the system to the continuous-time counterpart by looking at
the Euler approximation €4 441 = Biy1 — By ~ N(0,1) and € 141 = Zi11 — Zy ~ N(0,1).

7



subject to

Kt+l — Kt = (’Ft — (S)Kt + ’LZJtL — Ct + 5-Kt€K,t+1> (B6)

where B is the subjective discount factor, 7; is the rental rate of capital, and w; is the labor

wage rate. The paths of factor rewards are taken as given by the representative consumer.

B.2 The Euler equation

The relevant state variables are capital and technology, (K, A;). For given initial states, the

value of the optimal program is

V(KO,AO):{??&{ Uy s.t. (B.6) and (B.2), (B.7)

i.e., the present value of expected utility along the optimal program. As a necessary condition

for optimality, Bellman’s principle gives at time s

V(Ksa As) = max {u(037 As) + BES [V(Ks+17 As+1)]} . (BS)

S

Hence, the first-order condition for the problem is
uc(Cr, A) = BE; [Vic (K, Ayl (B.9)

for any t € [0,00), and this allows us to write consumption as a function of the state
variables, C; = C(K;, A;). Hence, the discrete-time model requires evaluating an integral
(integrating out expectations) to obtain the optimal consumption function. The reason is
that the Hamilton-Jacobi-Bellman (HJB) equation in the discrete-time model (B.8) requires
to solve a stochastic difference equation in contrast to a deterministic differential equation.

Using the concentrated Bellman equation,
V(Ktv At) = U(C(Ktv At)) =+ BEtV(Kt-I—lv At—l—l)
we obtain

Vi (K, Ay) = BE, Vic (Kig1, Agr) (1 — 047+ GER1+1)
= (1- d+ T )uc(Cy, Ay) + BEt Vi (Kig1, Av1)0€x 41 -

Note that the second term is zero in equilibrium, because from the first-order condition

uc(Cy, Ay)oex i1 = BE Vik(Kigr1, Ai1)] 0€k i
& Ly [UC’(Ota At)a'elﬂt-i-l] = BEt [Et [VK(Kt+1> At—i—l)] 5€K,t+1]
& uc(Cy, Ao B €] = BE, (Vi (K1, A1) 0€k 141]
[

(
(Kt+17 At+1)5€K,t+1]

8



Hence,

Vi(Ki, A) = PBE, [VK(Kt—Ha A1) (1 =0+ ft)]
= (1 =04 7)uc(Cy, A).

Leading the expression one period ahead and applying expectations yields
By Vi (K1, Aepr)) = By [(1 — 0 + 71 )uc(Crpr, At+1)] :
Inserting back into the first-order condition (B.9) we arrive at the Euler equation
uc(Coy Ad) = BE; |(1= 3+ Feauo(Cran, Avan)| (B.10)

In the following, we restrict attention to the case u(Cy, Ay) = u(Ch).

B.3 Equilibrium dynamics

Our equilibrium dynamics of the economy can be summarized as

£(C) = BE, [(1 5+ ft+1)u'(C't+1)] (B.11a)
Vigr = (A + i(A) + 7(A)eaw) F(Ky 4+ I, — 0K, + 6 Kiex 41, L) (B.11D)
Kiyn = (147 = 0K+ L —Cy+ 6 Ker i (B.11c)
Apr = A+ (A + (A€ (B.11d)

Provided that variables C;, Y;, K; and also A; are observed, the econometrician needs to
consider the system (B.11) for statistical inference on the deep parameters.
For comparison, the equilibrium dynamics the corresponding continuous-time economy

of the model used in the main text can be summarized as

u’(C’t) u///(Ct)
ACe = ey (P = (= )t = o Crcidt = J(Chn(AL) + Cho K)o
+CA77(At)dBt + CKO'thZt (Bl?a)

dY, = YadA, + YgdK, + $Ygro* Kdt

= (u(A)Ya+ (I — 6K)Yi + $Yiio  K})dt + Yan(A)dB, + oYi K;dZ(B.12b)
dK; = (I, — 6K,)dt + 0 K,dZ, (B.12¢)
dA, = p(A)dt +n(A)dB, (B.12d)

Provided that C, Y;, K; and also A; are observed, the econometrician needs to consider the
system (B.12) for statistical inference on the deep parameters.
In what follows, we assume that the capital stock K; and A; are latent variables, but we

can obtain them from financial market data.



B.4 The AK-Vasicek model with logarithmic preferences

Consider an AK economy, Y; = A,K};, which implies 7, = A; and K; = Y;/7;, and assume

that the consumer has logarithmic preferences, system (B.11) reduces to,

C;' = BE, [(1 — o+ TNt-i—l)Ot:—ll] (B.13a)
Yoo = (f+ filfy) + (7 eaper) (1 + 7 — 0)(Yy/Fr) — Cy + 6Yy/Fver41) (B.13b)
Fpr = T4 f(Ty) +7(7) € (B.13c)

whereas system (B.12) reduces to

dCy = (ry,—6 — p)Cydt — *Cr K, dt — (CAn(Ay)? + C20*K?)/Cdt

+Can(A)dB; + CkoY,/ridZ, (B.14a)
dY;g = (,u(’f’t)Y;g/Tt + (’T’t — 5)1/; — T’tCt)dt + U(Tt)}/;/’f’tdBt + O'Y;dZt (B14b)
dry = p(ry)dt +n(r,)dB, (B.14c¢)

Both systems give the model in terms of observables (macro and financial market data).
The Vasicek (1977) mean-reverting specification for the rental rate of physical capital is

p(ry) = k(y — 1) and n(ry) = n, where £ > 0 is the speed and ~ the target rate of mean

reversion, and 7 the constant volatility. The corresponding Vasicek mean-reversion model at

quarterly frequency reads fi(7;) = (5 — 7;) and 7(7;) = 77 where we define

F=Ay, R=1-e" f=An/(1—e28)/(2k) (B.15)

In this case, the equilibrium dynamics are

cl = BE, [(1 5+ ftﬂ)q;ll} (B.162)
Yo = Yi+ (7= 8)Y; — #Cy + R(Y — 7)Yy/Fy + i1Y3/Frean + 0Yieg i1

+((F = 0)Y3 /s — Cy + 8Yi Frercurn) (R(F — 7) + fieassn) (B.16b)
Tey1 = Te+R(Y —Ft) + Nearst (B.16¢)

whereas system (B.14) reads

dC, = (r—08—p)Cidt — *CcKydt — (Con® + Cio”K7) /Gt

+CandB, + CxoY,/rdZ, (B.17a)
d}/;g = ((H’}//'f’t — K+ Ty — 5)}/;5 - TtCt)dt + n}/;/rtdBt + U}/;dZt (Bl?b)
dry = k(y—r)dt +ndB, (B.17¢)

Before we estimate the structural parameters, we need to solve the two models. This is
complicated by the fact that both models are highly nonlinear. Note that the AK-Vasicek

10



model with logarithmic preferences in continuous time has an explicit analytical solution of
the nonlinear system, whereas the discrete-time analogue can only be solved numerically.
We follow a log-linear approximation of the discrete-time first-order conditions below and
use log-linear representation of the equilibrium dynamics for estimation.

One simple way of proceeding with the continuous-time system in order to match it to the
discrete-time nature of the data is to use an Euler scheme (as in Wang, Phillips, and Yu, 2011)
to discretize the system (B.14) for small time intervals (no approximation error in the limit).
This scheme has the nice feature that the discrete-time econometric toolbox (i.e., either linear
or nonlinear estimation methods following An and Schorfheide, 2007; Ferndndez-Villaverde,
Rubio-Ramirez, Sargent, and Watson, 2007; Fernandez-Villaverde and Rubio-Ramirez, 2007)
can be applied and thus seems quite attractive. As explained in the main text, we do not
follow this route. Instead we proceed by integrating the system of equations and/or use
closed-form solutions, for example for the interest rate Vasicek specification. This allows us

to easily handle different frequencies for the estimation of structural parameters.

B.5 Log-linear approximation, discrete-time AK-Vasicek model

There are many ways to solve the discrete-time model numerically. The best practice is to
solve the model through a log-linear approximation to the set of first-order conditions. For

this we define auxiliary variables (which turn out to be stationary),

5 _ Gy K
Ci=— 1 =
Sl + Vi1 X,
and which can be used to transform the Euler equation (B.16a) into

- ~ C, K1 K
1 = BE l(1—5+rt+1) ' t+1_t]

Cip1 Ki Ky

- | G147
= BE | = U (B.18)
Cipr 1+
We may write the aggregate resource constraint (B.16b) as
Vi = fen(K+Y, — Cp — 0K, + 6 Kyegp41)
K Y, G < .
= 14+ Lt_Zt_5
%, + % K + O€x 11
or
Vi1 = ft — C’t - S+ 5-€K,t+l (B]_g)

As a reference level, with 7, = 4 for all £, the non-stochastic steady-state value is given from

the Euler equation, which implies steady-state value for the consumption-capital ratio
l+v=31-46+79) = C=01-B8)1-35+%) (B.20)
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First, we rewrite (B.18) as

1 G 1 =0+ 7y

B C’t+11—5~+ft—ét+561<,t+1

—Vy1 = G(lnCt+171nCtaft+17ft7€K,t+17Ut+1)

in which we defined the expectations error
Cy 1—0+Fra
ét+1 I+ v

Gy 1=+
Uiyl = = -

, Ei(vi, =0
Gy 1t t (Vi1 )

t

Second, we log-linearize the equation about the non-stochastic steady-state values

1-8,. o 1-5._

0 ~ —%(lnétﬂ—lné)+%(lné’t—lné)+3—é(n+1—7)— Te (7e —3)
_MQ( t+1 — Ut
pgro
or
nCpyy —InC — 1?(@“—5) ~ %(lnét—lné)— 13_;(@—@
_MQ( t+1 — Vi1
o w
where we used
oG G 1— 6+ 7 o 1-46+5 1
omCil,  Cul—0+7—Citdexen|, 1-6+7-C F
0G | _ G 1-0+7n G 10+ &)
onCy ., Cor 1= 047 — Co+Gexcpnr Crar (1— 6+ 7, — Cy + Gerersn)? N
_ 1~—5+aA+Cw 1~—S+6A _ 1
1-0+7-C (1-6+7-0)2 B2
oG G 1 B 1 17
Orierly  Conl=0+7—Citoeg|  1-0+5-C  BC
oGc| G 1— 6+ 7o B 1-6+5  1-p
Ol G (1-0+7 —Citoen)?| — (1-6+7-C2  pC
oG e 1— 0+ iy | e(1-5)
Oerirt |y Cin (1—5~+ft—ét+&e;<,t+1)2ass__ 320

so that we get the matrix system

(1 —(1—8)/6)(1nét+1—1~né) B (1(/)5~ —(1—5)/<Bé))(1nét—1~né

1—-&K
—€K,i+1 — Vit1
+ .
TE€At+1

12

0 1 Ty —7

Tey1 —

)



where éx 41 = (6(1 — 8)/(5C))ex 1. The matrix equation is of the form
Pozii1 = P12 + &1 =z = (9512 + 51

where z; is the vector of variables z; = (In C’t —InC Ty —&)T, and ®y and @, are the coefficient

matrices containing the structural parameters. Note that ®;'®; can be found as

@0_1@1:<(1] <1—1B>/C*)<1(/)B —(1—1§>é</§é>) (1//3 (1~ ><11—_f~eﬁ— 1/ﬁ)/0)

and the eigenvalues are obtained from the characteristic equation |®;'®, — Al5| = 0 or

'1/50_)‘ (1- )51_’€_1/ﬁ)/c‘:(1/B_>\)(1_,~€_)\):O
which yields A\ =1/ B and Ay = 1 — K. While the latter is positive and less than 1, the first
eigenvalue is greater than 1, that is, the economy will have a saddle path property, with a
single trajectory leading to the unique steady state of the system.

Hence, we obtain the linear solution to the homogeneous matrix equation

L ( 1n€::;né ) _ 1)) < ! ) +@2<1_,g>t< (1-p)e )

Because we need to focus on the stable path, the stability condition requires C; = 0 and

from the solution of the Vasicek specification we get Cy = 79 — 7. Hence, we find that

R

A A 1— B _
InC,—InC = a (7 — )

1—0+7
Given any value of ry and initial value Ky, we obtain the optimal level of consumption Cy,

the next periods capital stock Ky, is obtained from (B.19).* Using this solution, we get
1

(Cr1/Cr) = (K1 /Ky) = ——=——(Fip1 = 74)
1—-0+7
_ _7“( )+ b
1_5_‘_’? Tt Y 1—54—&7714’”1

Using a log-linear approximation of (B.19) and insert the solution such that

(14 ) (In(Ky/K) —In(1+v) ~ 7—7—C(nC,—InC)+ Fex s
= "—7—(1- B)(ft — )+ Gex i1

= BTy —7) + ex e

*Note that solving a linear (instead a log-linear) approximation would imply C;/K; = (1 — B)(} —0+7),
which could be then log-linearized to arrive at the same result In(C;/K;) =InC + (7 —7)/(1 = 6 + 7).
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or

1 o
In(K,11/K;) =In(l +v) + = re — ) + B.22
n(Kp1/Ky) n( V) 1_5+§(7°t 20) 1+V€K7t+l ( )
yields
W(Cria/C) = In(1 4 1) + ——=" (7= )+ —L—epr + — (B.23)
t+1/ Gt 1 —o+4 t— 7 110 €K1 T 1_5 7A,t+1 .

such that the expectations error implied by our solution is (as from the Euler equation)

g

1—}——1/€K7t+1 (B24)

Vi1 = —

which implies that E;(vi1) = 0 and Vary(vi) = 62/(1 4+ v)%
We may use (B.22) together with a log-linear approximation of Y; = A, K; with A; = 7,

or

Y, —InK, ~5+ +—1

(such that the interest rate does not appear as logarithmic function) to obtain

Tii1 — Tt 1 ~ o
In(Y;.1/Y:y) = In(1+v)+ ~ + = —7)+
n(Yiy1/Yr) n( v) 5 1 —5+i(rt ) 1+V€K,t+1
K, . 1 . o 7
= (l+v)+—=(F =)+ —=—F —9) + K1t €
( ) 7(t 7) 1—5—|—’y(t 7) 1+VK,t+1 7A,t+1
T-RQ-0+PH-F & 7
= In(l1+v)+ = — + € + <€
( ) 1 —5+7 5 Tt T eAnn
Summarizing, and using In(14+v) =Inf+1In(1 —0+7) ~In 5 — § + 7 yields
-~ 1-k . . OEK 111 €A t+1
In(Cy1/Cy) = 0+ — (1 — = = + 2 B.25a
(CenfC) = b= 1—5+a(t D sy T1s4q P
- —R(1-4 5
(Via/Y) = Mmj—f+q4 —RAZ0FNR-F Ok | vt o5
1—0+47 Y Bl —0+7) v
ft—l—l = ft + IZL(:)/ — ft) + ﬁEA,t—I—l (B25C)

In this AK-Vasicek model, the relation between the one-period risk-free rate and the rental

rate of capital is given by (see Section B.10)

=3 T~ Sz 1(5/3)24‘772 N
m—=—3+0)1—-0+79)+5———~ (1 —R)(T, —
(7 =7+ 0)( ) (1§13 (1 =R)(F —7)

so that we may write (B.25¢) as
~ T T a/p 1—kFk
7’{+1:T{+’<¢(7—5_7’{)_% (/) + €A L+1

u—5+7) 1-6+7%
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B.6 Summary of the two empirical specifications

In what follows, we use the empirical specifications where we may use financial market data
for identification and estimation of structural parameters. For the continuous-time version
we use the closed-form solution Cy = pK; together with the nonlinear equilibrium dynamics.
For the discrete-time version we have approximately In(Cy/K;) = InC + (7, —7)/(1 =6 +7)
together with the log-linear equilibrium dynamics.

First, based on quarterly data, the consumption (Euler) equations are

B ~ /1 2\2 ~9 ~ ~
hl(Ct/Ct_1>:lﬂﬁ—i—f{_l—i—%(a/ﬁ) +77 —+ g +

(1—6+772 Bl-s+7) <1
VS.

t
In(C;/Ci_n) = / ridv— (p—30%) A+ 0(Zy — Zi_a)
t—A

Second, based on quarterly data, the output equations (resource constraints) yield

(a/8) + i  (1-9)

> - k(. N G e
In(Y;/Yi1) = WmB+7_,+3 = - SEAMRY [ SR ST S il A
B e f(1-0+7)2 (1-R) (Ttl ! (1 -0 +7)2
N G 7
= = __¢€ + —¢€
6(1 5 ’?) Kt ”)/Ai

VS.
t t t
(Yi/Yies) = [ dldosrr [ U6 ess oo [ 164540 e
t—A t—A t—A
t
(ot p=tot) At [ ] 0+ 0NdB, +0(Z - Zis)
t—A

Third, based on quarterly data, the interest rate equations (Vasicek specifications) read

(6/8) + 7 1-&
(1—S+§)2>+1 T

N[

of A T P
™ =(1—-Rr)T_,+k — 0 —
i ( )tl (7 515

VS.
t
rl = eyl 4 (1—e ) (y—6—-0%)+ ne‘“A/ . "= t=2))gB,
t—

Note that r, denotes the annual interest rate whereas 7, denotes the periodic interest rate.
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To summarize, the empirical specification comprises

5 5/8)* + i’ G Ui
W(C/Coy) = Wjail,+19/B) T — B.26a
n(C;/Ci—q) np+7r_, Y151 1-5+7) Kt 517 ar )
. 5/B)+ 7 (1-0)& Gl s
In(Y;/Y,y) = Inp+7l —l—l(g/ - — AR (-2 SN T S | /
n(Y:/Y-1) B+7i 2(1_54_&)2 1- k)7 t—1 7 2(1_5_’_&)2
o 7
+%€ _'_TE B26b
Bu—s+5) A (B200)
~ 5/8)% + i 1—-&
TR S (R B G71c) e i B Sl B.26c
T ( R)Ty K(”Y 2(1_54_&)2 1_5_‘_&77 At ( )
or
hl(Ct/Ct_l) = hlB-i‘f{_l—i‘Co—i‘Ecﬂg
lIl(Y;/Y;_l) = 1nﬁ~—|—f{_1—|—C0—Cg (7:{_1—@1)+€y7t
Moo= (1= ") +RC + e,y
where _ . ,
(1-9)& - x L (@/B)? + 17
Co=—~+—, Ci=-0-Cy, Co=c:——5——
2 1= 7)7 1=7 0 0 2(1_5+§)2
and
o 7
€ = = — €Kt + ——€ay, B.27a
Y TTRD TG R T (D27
oy = — T 4D (B.27h)
Y.t B(l —S—]—’S/) Kt ;5/ At .
1 &
gr’t = %ﬁEA’t (B27C)
1-0+7

Ko~ ko= 1—e A"

7= A=Ay

Ul i = Any/(1—e28)/(25)
p ~ B =e?

) b = 1—e 29

o~ g=AY?B(1-6+7)0

in which A = 1/12 for monthly data, A = 1/4 for quarterly data.
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B.7 Residual Covariance Matrix and MEF

From system (B.26) we obtain the fitted residual covariance matrix

A 200 gcy 207’
Y= Yyce Zyy 2yr

ETC ETY 27“7"

- 52 + (Bi)? - &2 i’ A (1 — &)
= ~ - _l' - ~ NG} ZCT — DN

(1=0+%))? A1 —=04+%) (1-6+7)?

o POZR) g PR

7
2 =7z < + =3 Yy, = = ) T < o
T Ba=s+ye T 40=5+7) (1—3+7)

which we may use for better identification of structural model parameters.

=Y

Let ¢ denote the parameter vector of interest and let m; = m;(¢) denote the 3-vector of
martingale increments generated by the model, expressed in terms of data and parameters.

Specifically, we let m; = e, = (¢, vy, €rt) in (B.26) be a martingale difference sequence,

(Ct/Ct 1) —Tt 1 (11’1B+C0)
my = | In(Yy/Yie1) =7, — (In B+ Co) + Co(if, — Cy)
i —(1— /»@)7{_1 — rCy

(B.28)

The optimal weights are given by
wy = (W)~
where W, is the conditional variance of the vector martingale increment,
\I/t = Vart_l(mt) = Et_l(mtm;r)

and 1; the conditional mean of its parameter derivative

vy = FEi_ (8mt/0¢T).

Here, the conditional variance of the vector martingale increment is constant and given by
the residual covariance matrix, ¥, = 3. Using the martingale increments (B.28), we get the

derivatives (Om;/0¢")" with respect to the parameter vector ¢ = (&, 7, 7, 8,6, )",

0 (0C2/0R)(r]_, — Cy) H—C
—(0Co/07)  —(0Co/D7) + (0C2/D7)F_, — (D(C1C2)/07) —R(1 — (9Cp/D7))
—(0C,/0i}) —(0Co /M) + C2(9Co /07]) R(0Co /0

~1/B — (9Cy/0B) —1/B — (9Co/0B) + C5(0Co/0B) R(0Co/0p)
—(0Co/05)  —(dCp/Dd) + (IC5/D8)F]_, — (D(C1C2)/Dd)  K(1+ (9Co/D5))
—(8Cy/05) —(8Cy/5) + Co(dCy/05) (0Cy/05)

17



where

N G i -
0Co /07 = 15170 2Co/(1 =0 +7),

0Co/0n =7i/(1 =6 +7)°,
0Co/08 = —(6/B)*/(B(1 — 0 +7)?),
< (/B4 s -
aco/aa_m—%o/(l 0+ %),
0Cy /06 =35 /(B (1—54—7))

i
w

" 8C1 /97 =1 — (9C,y/07)
dC, /00 = —1 — (0C,y/80)
and )
dCy/Of = ﬁ Co/(R(1 — &)
0C, /07 = —(1 = 0)&/((1 - K)7*) = —Cs/7
8Cy/00 = —/((1 — 7))
and

I(CiCs) /07 = (0C1/07)Cs + (9C5/07)Cy = C3 — (9Co/07)Cs — C1Co /7
A(C1C,) /06 = (9C,/80)Cy + (0C5/05)C,

and with respect to the parameter vector ¢ = (k,7, 1, p,8,0)7,

—(0Co/0n)(07/0K) 2 Ae (i — Cy) + &(OCo/04) (077 /OK)
—(8@0/8&)A - (860/85)A3/250 P22 —A’%(l - (8C0/8”7) - (860/85)A1/250)
—(0Co/0n)(71/n) ®32 &(0Co/0n)(17/1)
A A 0
—((0Cy/Db) — (0Cy/IG)AV2B)Ae™2 ¢y KA (1 + (9Cy/80)) — &(OCo/05) A2 B0
—(0Cy/05)(a/0) P62 £(0Cy/05) (/o)

where
12 = —(0C0/07) (07 0r)+(0Cy ) OR) Ae™ 2 ] +(Co(0Cy 07) (977/ Ok) —C1 (IC, | OR) Ae ™27,

dan = —(0Co/OFA + OCo /05 AY? o) + (T, /7) AT, — (9(C1Cy) /),

$32 = —(0Co/00)(17/1) + C2(0Co/0n)(11/7),
hss = —(0Cy/80) Ae™2% + (8Cy/80) Ae~ 27, — (9(C,Cy)/906),

18



Po2 = —(0Cy/05) (5 /o) + C2(0Cy/05)(5 /o),

and
0i/0k = i) (28722 /(1 — e72"2) — 1/k),

and
0(@1(32)/07 = (8@1/07)C2+(8C2/67)(C1 = A(Cg—(8@0/8@(32—(8@0/86)A3/250(C2—Cng/iA,

D(C1Cy) /06 = (=1 — (9Cy/Dd) + (9Co/05)AYV? B ) Ae™0Cy 4 (9Cy/30) Ae™20C,.

B.8 Calibration of model parameters - periodic rates

Suppose that we want to parameterize the Ornstein-Uhlenbeck process and the first-order

autoregressive process (with the discrete time process being at periodic rates)
dry = k(y — x)dt + ndB;, x¢ given and ;1 = Co + Ci7y + Coeypy, (B.29)

where Zo = Axg, where A = 1/12 for monthly and A = 1/4 for quarterly observations, B; a

standard Brownian motion, 0 < C; < 1 and ¢ ~ N(0,1).° The solutions are
t t
zp=e "o+ (1—e ™)y + e"“n/ e"dB, and I, = CiZ,+ C! Z C1'(Co + Cae;)
0 i=1

Let us calibrate C;, i = 0, 1, 2, given a parametric value for x,~y and 7 at quarterly frequency,
such that the expected value Eq(Aza) = Eo(Z1), the variance Varg(Aza) = Vary(z,), and
the mean of the asymptotic distribution E(Az) = E(Z) coincide. It it straightforward to show
that Eg(Azp) = Ae 2% zy + A(1 — e %)y and Ey(Z,) = C1Zo + Cy. Moreover, E(Az) = Avy
and E(z) = Cy/(1 — C;). This gives Cy = Avy(1 — Cy) in which C; is pinned down by

Ae ™2 z0 + Ay — Aye ™" = Ci Az + Ay — AyCy

(2o —7) = Ci(mo—7)

—AkK

= €

= (Cl = €
From the [t0 isometry we get
A 0’
Varg(Aza) = A26_2“A772/ e*Vdy = A22—(1 — eT2RA)
0 K

whereas

Vary(z,) = CgVaro(el) = (Cg

®Note that (1+7,)» =1+7, or Aln(1+r;) = In(1 + 7) and thus Ar, ~ 7.
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Equating terms implies:

Cy = Any/(1 — e 2:8) /(2r)
As an example, our DGP with A =1/4, Kk = 0.2, v = 0.1 and n = 0.01 corresponds to the

discrete-time process with parameterization Cy =~ 0.001, C; ~ 0.951, and C, ~ 0.001, or
dry = 0.2(0.1 — z;)dt + 0.01dB;, =~ T4y = 0.001 4+ 0.951%, + 0.001¢€,44

Observe that Ba — By ~ N(0,A) so we may use ¢ = A™VY3(B; — B,_a) ~ N(0,1) in
order to match the size of the realized shocks. Economically, ; now matches the Vasicek

interest rate dynamics of quarterly interest rates observed at the quarterly frequency,
Zi't+1 — i’t = /%(’3/ — Zi't) + ﬁ€t+1, i’o = AZL’Q

where

A=Ay, R=1—e2 =00/ —e20)/(2k).

B.9 Calibration of model parameters - stochastic depreciation

Next we want to relate the dynamics of the discrete-time resource constraint
1 L o

——(F =)+

1-6+ a< T

to the corresponding continuous-time formulation

In(Kyq/Ky) =In(1+v) +

€K t+1

t+A
In(Kin/Ky) = / reds — (6 + p+ 30*)A + 0(Ziya — Zy),
t

where e 1 = AV Zia — Z;) ~ N(0,1) so in order to get the same conditional moments

o A-L/2
1+v

~(6 =y +p+icHA =B +1n(l -4 +7).

:O"

It can be simplified to (y —§ — 10*)A =In(1+ 5 — 6) which corresponds to our definitions.

B.10 Asset pricing

From (B.25a) we obtain E;(exp (—In(Ci1/C}))) as

11— . . o 1
Et (eXp (- {ln(l + I/) + f('f’t — 'y) + €K t+1 + #’?EAJ—{-I}))

1—0+7 1+v 1—
e ( In(l4 ) = — )3T )
=exp | — V) — ————(1y — = = =
g 1-0+7% 7 *A+v)?2 2(1—-0+7)
Sl e 1—F 5/B)* + i’
=811 -0+7)" e - (=) + = = :
B ( 7) Xp< 1—54—’?(” 7) 1_5_|_~)2


oposch
Hervorheben

oposch
Hervorheben


Observe that from (B.16a) the one-period risk-free rate of some bond, rf , which is determined

at the end of period ¢ for the following period ¢ 4+ 1 must satisfy

-1

1—|—ftf = (BEt[exp (—ln(Ct+1/Ct))])
= (1—5+§)exp(7ltk~(ft—§) %7(0/6) ~>

1-6447 (1—6+7)2
and so
i L 1— 7% ) & ~2_|_ 2
r{ ~ ’7—5+f<rt_7)_%(/5)~7~77 (B.30)
1-0+7 (1—06+7)2

and the expected risk premium over net capital rewards is $((5/ B2 +7%)/(1—0+7)%

C MEF extensions, and MEF with five conditional mo-
ment restrictions

C.1 AK-Vasicek-RS model

In the case of the AK-Vasicek model with regime switching (cf. Section 3.3.2), the system

of equilibrium dynamics reads®

dinC, = (T’t —p—0— %02) dt + odZ;, (C.1a)
dinY, = (ky/re—t(mn/r)’> +1r—K—p—38—310%)dt +n/rdB; + 0dZ,, (C.1b)
dry = k(y—r)dt + ndBy, (C.1¢)
dne = (m—nn)dare + (M — m)dgay. (C.1d)

Using system (C.1) and the equilibrium asset-pricing condition (14), we obtain

Ct/Ct / fd’U = (p -5 ) A -+ ECity (023)
t ¢
In(Y;/Y_a / ridv = /w/ 1/(7‘{+5+02)dv—%/ n2/(r! + 6+ 0%)*dv
t-A t—A t—A
—(k+p—30") A+eyy, (C.2Db)
o= e (- (-0 - 0) t e (€20

m o= m-a+ (m—m) /:A(qbl(m) — ¢2(m))dv + 5. (C.2d)

6Tt can be shown that the analytical solution C; = pK; is not affected by the presence of regime switches
such that the relation between the risk-free rate and the rental rate of capital is still given by (14).
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with martingale increments given by

Ecx = U(Zt — Zt_A), (CB&)
t
Eyr = / 0o/ (r! + 6 4+ 0®)dB, + 0(Z, — Z,_a), (C.3b)
t—A
t
Ert = e rA / nve”(”_(t_A))dBv, (C.3¢)
t—A
t
et = (m—1n) / A(dql,v — ¢1(m)dv — dga, + Pa(n,)dv). (C.3d)
t—

We let my = & = (ecy, ey, &rs) from (C.32)-(C.3c), so dimm = 3. Clearly, m; is a
martingale difference sequence, and from system (C.2) we have that in terms of data and

parameters

In(C,/Cy_a) ft rfdv+( —102)A
In(Y;/Yioa) = [iaridv+ (k4 p—30?) A - mtft_A 1/(r] + 0+ 0®)dv
+3 [ ame/(r] + 0+ 0%)2dv

rl—(1—e ™) (y—6—02) —e "],

Y

(C.4)

where the integrals are approximated by Riemann sums over days between ¢t — A and t.
Similarly to the case of latent variables, our procedure is to derive some proxy moments for
estimation, say, m; = E (my|F;_a), given by (46). We may also obtain \Ift 11 =020, W99 =
Et—A(ftt_A 7712)/(7“5+5+02)2dv)+02A Uys3 = e *AE,_ ft A2 du) Wy 1y = 02,
U193 =0, and U, 03 = E;_a ft A/ (1] +0+0%)dB,) (e f AT e’“(” (t=2)dB,)).We use

Euler approximations for W, 59, U, 23, and W, 33 such that

a2 A o’ A 0
U= | 0?A 2 AA/(ra+0+07)2+ 02N pae™AA/(rl A +5+0%) |, (C5)
0 nf_Ae‘“AA/(Tf_A +0+0?%) e RANE L

where in the estimation we simply replace 7, by its proxy n;. Note that this is time-varying,
i.e., MEF is strictly more efficient than GMM, and consistency of the parameter estimates
is not affected since the approximations only enter the weights.

Using moments m; given by (46), we get the derivatives (Om;/0¢")" with respect to the
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parameter vector ¢ = (K,7, N, Nh, Gin, Onis P, 05 U)T

o —RkRA 2
A—vftt_Al/(r{;jLé—i-az)dv Ae™ 2y =007

0 —i—Ae‘"‘Ath_A
0 —k [} 1/ + 5+ o) dv —(1 —e"4)
0 0 0
0 0 0
0 0 0
0 0 0
A A 0
wy 1/ (rf 46 + 0?)2dv
0 5 1—e "
E(ft AT/ + 6+ 0?)Pdv| Fie )
—oA
—oA E | +20ky ftt AL+ 6+ 0%)Pdv | Fa 20(1 — e"2)
20 [1 2/ (rf + 6+ o?)3dv
(C.6)
We also use an Euler approximation for the unknown integrals, such that 1, reads
—Ae "B (y — 6 — 0?)
_ I 2
0 A—A/(r_p+06+07) FAeA
0 KA/ (1[5 + 0+ 0?) —(1 —e7"8)
0 0 0
0 0 0
0 0 0
0 0 0 (C.7)
A A 0
0 K"YA/(T{—A +0 + 02)2 1— e—liA
—(_a)?A/(r] + 0+ %)
— f 212
A oA+ 2067A/(1]_A + 0+ 07) 20(1 — e

—20A(5_0)*/(r s + 0+ 0%

This completes the construction of the estimating function Mz = >, (¥;)™*
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C.2 AK-Vasicek-SV model

In the case of the AK-Vasicek model with stochastic volatility (cf. Section 3.3.3), the system
of equilibrium dynamics reads’

dnC, = (r,—p—06—10%)dt+odZ, (C.8a)

dlnY, = (/ﬁ%/rt — E(m/n) +ri—K—p—20— %02) dt + ny/rdB, + odZ;, (C.8b)

dry = ki(y1 —r)dt +ndBy, (C.8¢)

dlog(n}) = ra(yz — log(1}))dt + EdW;. (C.8d)

Using system (C.8) and the equilibrium asset-pricing condition (14), we obtain

t

In(C;/Cy_n) — / ridv = — (p — %0'2) A+ecy, (C.9a)
—A
t t t
ln(Yt/Yt_A)—/ r{:dv = &171/ 1/(r5+5+02)dv—%/ 1712)/(7“5+5+02)
—A —A —A
— (m +p— 502) A+ eyy, (C.9b)
i = e8] (1= e (=0 —02) + ey, (C.9¢)
log(n?) = e ™ log(n? o) + (1 — e " 2%) vy + e, 4, (C.9d)

with martingale increments given by

ot = O'(Zt — Zt—A)7 (ClOa)
t
By = / 0o/ (1] + 6 + 02)dB, + 0(Z, — Z,_a), (C.10Db)
t—A
t
ey = €M% / e =2)dB,, (C.10¢)
t—A
t
Ent = e—nzA £€H2(v_(t_A))dWU. (ClOd)
t—A

We let my = &, = (€1, Evity Erty Eg) | from (C.10a)-(C.10d), i.e., using four moments instead
of three. Clearly, m; is a martingale difference sequence, and from system (C.9) we have

that in terms of data and parameters

In(C;/Ci_a) — ftt_A ridv+ (p— 20'2) A
In(Y;/Y;i_a ft rfdv+(f£1+p—%az)A—mwlft 1/(rf + 6+ o%)dv
my = +3 ftAnU/rijé—l—U)d )
rf—(l—e™8)(n-0—0 ) e_mAT{—A

log(n?) — (1 — e7™% )y — e ™22 log(nf_ )
(C.11)

"It can be shown that the analytical solution C; = pK; is not affected by the presence of stochastic
volatility such that the relation between the risk-free rate and the rental rate of capital is still given by (14).
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where the integrals are approximated by Riemann sums over days between ¢ — A and t.

Similarly to the case of latent interest rates, our procedure is to derive moments for

estimation, say, m; = F (my|F;_a), given by (48). We may also obtain \Ift 11 =020, W99 =
ft A771)/ (rl + 64 0%)2dv) + 0%2A, U, 33 = e 2MAE, ft Anzez’“ =2 Ydo, U, 4y =
52( - _252A)/(2f<&2)7 Vg =0 A, Uz =0, Uy =0, Wyo3 = B pn ft_A m/(ﬁ{ +0+

02)dB,)(e~"A ftt_A N, =2 dB)), Uyy = 0, and W3, = 0. We use Euler approximations

for the unknown integrals W, 59, U, 93 and W, 33, such that

o’ A o’ A 0 0
T — PN 2 AN/l 5+ 022+ A R e AN (rl 454+ 06%) 0
t 0 UE_AQ_MAA/(T{—A +0+07) AN 0 ’
0 0 0 U, 1

(C.12)
where in the estimation we simply replace 7, by its proxy n;. Again, this is time-varying,
and MEF strictly more efficient than GMM.

Using moments m; given by (C.11), we get the derivatives (9m;/0¢")" with respect to
the parameter vector ¢ = (k1, V1, k2, V2, &, p, 0,0) . We also use an Euler approximation for

the unknown integrals, such that ¥, reads

—Ae A (y; — § — o?)

0 A= nA/(r]y+6+0%) AR 0
0 1A/ (1] A+ 0+ 0?)dv —(1 —e™™14) 0
—Aer2Ry
' ' ’ + A log(i )
0 0 0 —(1 — e7r28)
0 0 0 0
A A 0 0
0 R A/ (] 5+ 6+ %) | — gl
£ )2 f 2\3 —¢€ 0
U A/(T;—(Af“’ d+07) 2)2
—0A 4200 A/(r_ s +0+0 N
T8 sl alA (] 0+ 0% e ’
(C.13)

This completes the construction of the estimating function My = >,/ (¥;)!
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C.3 MEF with five conditional moment restrictions

The 5-vector my = (e, ey ety €y — 02 €2, — n*(1 — e722)/(2k)) based on the error

terms from (16) is clearly a martingale difference, given in terms of data and parameters as

In(C;/Ci_A) ft Aridv+ (p—30?) A
In(Y;/Yi—a) — ft_A ridv+ (k+p—30?) A - /{’yj;t_A 1/(rf + 6+ o%)dv
5 . I [L A1/ (] 40+ 0%)2dy
m; = il = (L=e)(y =6 —0%) — e 4

2
n(Ci/Croa) = f) g ridv+ (p— 0*) A) = A

(rf = (1= @) =6 = 0?) e ] J) = (1 ) /(20)

or, by using the definition of three moment increments mt ) from (21),

®
t
2
m® = (ln Cy/Coon) — [ s ridv+ (p— 1o?) A) —0?A (C.14)
2
(/- (1- e—mm 6= 0% — el L) = A1 — e ) /(2n)
which is equivalent to considering
O'(Zt — Zt—A)
S 77/(7“5 + 0+ 0%)dB, +0(Z; = Zi-»)
m§5) _ —KA Lt n(v—(t—A))dBv

o (Zt Zt A) - O2A
7726—2HA (.]:_A en(v— (t—A)) dBU) _ 7]2(1 _ 6—2HA)/(2H)

or
mf?

m® = o*(Z; — Zt—A)22_ o’ A . (C.15)
nle2rA (ft_A e“(”_(t_A))dBv> — 1?1 — e72%8) /(2k)
To construct the MEF (27), we need the weights w; in (29), which depend on the condi-

tional mean of the parameter derivatives, ¢, and the conditional variance, ¥;, of m;. We have
the conditional variances \Iff’l)l = d?A, \If§52)2 = Ea(fl 1/ (] + 6+ 02)20[1)) + 02/, and

U = 1P (e )/ (26), O, = 20* A%, and W = nte BBy ([ e dB,))
i774(1 e 2882 /K2 Similarly, the conditional covariances are \If§51)2 = o2A, vy 1)3 0,
U =0, W = 0, W = n2e By s (14 1/ rf—|—5—|—02)dB )(f ex=-204B,)),
W = 0, W = e 0B s (LA 1/ 4+ 0+ 0P)dB)(f] y e dB,)2), Wil =

e A, A ((f:_A =2 B, )3 ), \IIE:?ZL = U, 45 = 0. We use Euler approximations for
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5 5 5 5 5
‘I’g,z)m ‘I’E,5)5> \1122)3, ‘I’§2)5 and \I’IE,3)5>

o?A o’ A 0 0 0
N A+ PN (r] A+ 04022 nPe _“AA/(Tt Atdo+0o?) 0 0
W= 0 pPetA/(r]+0+0?) L1 — e ) [k 0 0
0 0 0 200A% 0
0 0 0 0 W
where \Ift us = 3nte M EA2 — Int(1 — e 22)2 /K2, or using ¥ from (41),
(5) u U
=1, 2042 0 : (C.16)
2x3 0 3,'746—4I€AA2 . irrfl(l o €—2I€A)2/H2

Again, \Ifgs) is time-varying, i.e., this is a conditionally heteroskedastic case, and optimal
MEF is strictly more efficient than GMM. Consistency and the expression for the asymptotic
variance are unaffected by our approximations because they enter only in the weights (29).
Using martingale increments (C.14), we get the derivatives (0m§5)(¢) /0¢ ") with respect to
the parameter vector ¢ = (k,7,7,p,0,0)", such that (¢§5))T reads

%772(1 6—2HA)/ 2 772A6_2”A/l€

77(1 _2HA)/ , (017)

O OO OO

K
0
e
0
0
—20/A 0

with ()T from (44), and where we use the fact that

t
o =2E A (m(ct/ot_A) - / ridv+ (p— %UQ)A) A=0.
t—A

This completes the construction of the martingale estimating function for five conditional
moment restrictions M}s) = Zt(% )’ (\11(5 )t m!.

D Additional Simulation Evidence

D.1 Simulation results: MEF extensions

In this section we present simulation results for two possible MEF extensions, namely, ac-
commodating missing data points in the mixed-frequency approach (MF-MEF), and latent
variables using the simulation-based approach (SMEF). Table D1 provides the results for
the simulation study of the AK-Vasicek model for the case of truly missing data. In the first
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Table D1: Simulation Study — Latent Short Rate and Mixed Frequency
The table reports output of a simulation study of the accuracy of the structural model parameters estimated
using the latent short rate and mixed-frequency MEF approaches for the AK-Vasicek model, SMEF (Latent
Short Rate) and MF-MEF, respectively. For 1,000 replications, we generate 25 years of data from the
underlying data generating process (DGP) and apply our estimation strategy. We show the median estimate,
and provide the interquartile range below it. For completeness we include the MEF estimates from Table 1.

Parameter Estimates from Simulation Study —
SMEF (Latent Short Rate) and MF-MEF
Monthly Data Quarterly Data Mixed Frequency

DGP MEF SMEF MEF SMEF MF-MEF
k0.2 0.354  0.355 0.353  0.363 0.360
0.284 0.280 0.305 0.290 0.290

v 0.1 0.099  0.099 0.099  0.107 0.099
0.013 0.012 0.013 0.020 0.013

n 0.01 0.010 0.010 0.010  0.010 0.010
0.001 0.001 0.001 0.002 0.001

p 0.03 0.030 0.030 0.030  0.032 0.030
0.006 0.002 0.006 0.005 0.006

o 0.05 0.050 0.051 0.050  0.055 0.050
0.002 0.005 0.003 0.013 0.002

o 0.02 0.023 0.021 0.025  0.021 0.022
0.005 0.003 0.010 0.006 0.005

column we list the parameter values as they are used in the data generating process (DGP),
in column 3 the SMEF estimates obtained on simulated monthly data, in column 5 the
SMEF estimates for the simulated quarterly data, and in column 6 the MF-MEF estimates
for the mixed-frequency data. The interest rate data are missing in the SMEF cases, and
two of every three monthly output observations are missing in the MF-MEF case. For com-
parison, we also replicate the complete data MEF results from Table 1 in columns 2 and 4,
respectively, using monthly and quarterly data. For the case of observed data (consumption,
output and interest rate), but with latent volatility, Table D2 provides the results for regime
switching (Panel A) and stochastic volatility (Panel B). As before, we provide the median
estimate of each parameter, and below the interquartile range of the 1,000 estimates.

For the latent variable extension, case (i) from Section 3.3, we compare SMEF (columns
3 and 5 of Table 2) with MEF estimates (columns 2 and 4 of Table D1). We find that the
latent variable case is as good as the observed short rate process. At both the monthly
and the quarterly observation frequency, the point estimates and interquartile ranges are
estimated remarkably close to the DGP values and are comparable with the MEF figures,
with slightly smaller interquartile ranges in the SMEF approach for p and o. This suggests
that the model-consistent interest rate proxy r; = pY;/C is particularly fortunate in the
AK-Vasicek model. Of course, these findings hold true only if the data were simulated from
the correct model. This fact allows us to run model-specification checks on the empirical data
at hand. The simulated short rate process can actually be compared with some observed

proxies (see also the discussion in Section 5.3).
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Table D2: Simulation Study — Regime Switching and Stochastic Volatility
The table reports output of a simulation study of the accuracy of the structural model parameters estimated
using the MEF approaches for the AK-Vasicek model with regime switching for the interest rate volatility
(Panel A) and with latent stochastic volatility (Panel B). We use three strategies in the latter case for
identifying £. First, we estimate it along with the other parameters (“MEF”). Second we fix it at the
known value (“Fix £”). Third, we estimate it separately by looking at the residuals from an autoregressive
process for the proxied volatility series and plug this value into the MEF procedure (“Proxy £”). For 1,000
replications, we generate 25 years of data from the underlying data generating process (DGP) and apply our
estimation strategy. We show the median estimate, and provide the interquartile range below it.

Panel A: Simulation Study — Regime Switching (n; and n;,)
MEF (Latent Short Rate Volatility)

Monthly Quarterly Monthly Quarterly

DGP = MEF MEF DGP = MEF MEF
0.2 0.045 0.032 0.5 0.542 0.587
0.090 0.128 0.388 0.423

v 0.1 0.081 0.094 1 1.002 1.009
0.085 0.092 0.086 0.134

m 0.005  0.019 0.016 0.1 0.113 0.118
0.011 0.013 0.037 0.097

n,  0.02 0.022 0.023 0.25 0.240 0.225
0.009 0.019 0.064 0.106

i 1.1 1.075 1.034 1 1.045 1.327
0.533 1.058 0.967 9.023

d 1.5 1.403 1.176 5 4.304 3.567
0.756 1.191 3.471 47.847

p 003 0.030 0.031 0.03 0.030 0.029
0.006 0.007 0.006 0.008

§  0.05 0.080 0.091 0.05 0.049 0.050
0.104 0.176 0.002 0.033

o 0.02 0.021 0.021 0.02 0.023 0.027
0.009 0.029 0.013 0.062

Panel B: Simulation Study — Stochastic Volatility (Latent 1)
MEF (Latent Short Rate Volatility)

Monthly Quarterly

DGP MEF Fix & Proxy & MEF Fix &  Proxy &
k1 0.2 0.243 0.250 0.251 0.244 0.268 0.269
0.201 0.215 0.208 0.253 0.285 0.289
v 0.1 0.099 0.102 0.101 0.103 0.113 0.113
0.079 0.080 0.080 0.095 0.136 0.134
Ky 2 2.065 2.173 2.180 0.267 1.299 1.310
1.084 0.706 0.712 1.588 1.631 1.647

vo  -10 —10.033 —10.034 —10.030 —-9.891 —9.887 —9.892
0.413 0.358 0.357 3.469 0.495 0.487
& 25 4.726 2.500 2.565 326.666  2.500 1.968
156.150 0.165 6091.628 0.222
p 0.03 0.031 0.031 0.031 0.031 0.032 0.032
0.006 0.006 0.006 0.007 0.007 0.007
6 0.05 0.047 0.050 0.050 0.050 0.059 0.058
0.073 0.077 0.075 0.089 0.119 0.110
o 0.02 0.022 0.022 0.022 0.025 0.028 0.028
0.027 0.032 0.035 0.052 0.060 0.059
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For the latent variable extension, case (ii), we find that the identifiability of the structural
parameters largely depends on the calibration of the DGP values (cf. Table D2, Panel A).
This is intuitive because the embedded filter may have problems identifying the transition
probabilities and/or the size of the two volatility regimes if the difference between them is
negligible. One DGP in column 1 is taken roughly in line with the interest rate data, while
another DGP in column 4 illustrates that performance improves if the difference between the
two regimes is more pronounced. The regime-switching model also has strong implications
for the estimate (and bias) of the mean-reversion parameter k. The point estimates and
interquartile ranges for parameters v, p and ¢ are estimated remarkably close to DGP values.
The upward bias in ¢ in columns 2 and 3 may be explained by a weak identification of 7.
For the case where the two regimes are well identified in columns 5 and 6, all parameter
estimates are close to their DGP values. Overall, sampling data at a higher frequency works
better.

For the latent variable extension, case (iii), we find that the parameter £, the variance of
the stochastic volatility process, is weakly identified (cf. Table D2, Panel B). This explains
the large interquartile range for the SMEF estimates (columns 2 and 5). Hence, in columns
3 and 7 we fix ¢ at its DGP value. We then compare SMEF estimates (columns 4 and 7)
with the benchmark estimates when £ is known. We find that estimating £ at the outset
and using this value as a proxy for £ works remarkably well. At both the monthly and the
quarterly observation frequency, the point estimates and interquartile ranges are estimated
remarkably close to DGP values and are comparable with the benchmark figures.

For the extension to mixed-frequency data, case (iv), we compare MF-MEF (column 6)
with MEF estimates (columns 2 and 4). As one would expect, given the correct specification,
for the case when output is replaced by model consistent predictions at intra-quarter periods
the point estimates are remarkably close to the monthly estimates. Comparing the MF-MEF
results to MEF, where consumption and output is observed at the quarterly frequency, we
find that we gain better identification in o, reflected by the smaller interquartile range.

In Figure D1 we provide the histograms of the 1,000 estimates that we obtain for the
parameters using both the SMEF for monthly data and the MF-MEF approaches (Table D1).
Comparing the histograms of SMEF to monthly MEF in Figure 1 (both Panel A) illustrates
that p and o are better identified in SMEF, which also is reflected by smaller interquartile
ranges above, while the histogram is slightly more narrow for ¢ in the MEF approach.
Similarly, comparing the histograms of MF-MEF (Panel B) to monthly and quarterly MEF,
respectively, in Figure 1 (Panels A and B) shows that there is a small efficiency loss with
respect to monthly data, but better identification of parameters is obtained relative to the

results when estimates are obtained solely from quarterly data.
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Figure D1: Simulation Study — Latent Short Rate and Mixed Frequency
The figure reports output of a simulation study of the accuracy of the structural model parameters estimated
using simulated MEF and mixed-frequency approaches for the AK-Vasicek model, SMEF, and MF-MEF,
respectively. For 1,000 replications, we generate 25 years of data from the underlying data generating process
(DGP) and apply our estimation strategy. We plot the distribution of the estimates, in Panel A for the SMEF
(Latent Short Rate) case based on monthly data and in Panel B for the MF-MEF approach.

(A) SMEF (Latent Short Rate) for Monthly Data
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Overall, our MEF extensions work and are potentially more important for the case when

we apply the methods to empirical data by the same reasons that motivated our extensions.

D.2 Robustness: Time invariance, high-frequency data, and the
comparison to discrete time

In this section we present robustness simulation results which are particularly relevant for
the estimation of continuous-time models. We want to provide answers to the following
three questions: (i) Are the estimates time invariant? In theory, the continuous-time model
is time invariant. However, different continuous-time processes may look identical if sampled
at discrete points, which sometimes is referred to as the aliasing problem. This phenomenon
may prevent unique identification of the parameters of the continuous-time stochastic process
from equidistant discrete-time observations. Moreover, any temporal aggregation of the data
may distort our parameter estimates. For these reasons, it seems important to examine to
which extent our parameter estimates change with the observation frequency. (ii) Do the
high-frequency data matter? So far, we only exploit the high-frequency property of the
interest rate in the approximation of the integrals as Riemann sums. Hence, we want to
examine to which extent the use of daily observations versus only considering the end-of-
period figure helps to identify the parameters in our analysis. (iii) What happens if the true
DGP is the continuous-time model and the researcher specifies a discrete-time model, then
estimates that system to obtain parameter estimates. Is this problematic?

In order to examine (i), to which extent the parameter estimates change with the sampling
frequency, we simulate monthly and quarterly data respectively, with the same number of
observations for comparison. In Table D3 we compare the usual 25 years of monthly data to
75 years of simulated quarterly data (Panel A). As before, we provide the median estimate of
each parameter, and below the interquartile range of the 1,000 estimates. The results show
that the bias in the k estimate is much smaller with quarterly data than if the data were
sampled at monthly frequency. Moreover, the interquartile ranges are substantially smaller
with quarterly data for all four estimation methods. This reveals that the time invariance
property translates to all parameters of interest except the mean-reversion parameter . This
upward bias, however, seems to diminish if quarterly data were used, provided the number

of observations is sufficiently large (compare also to the results in Table 1).
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Table D3: Robustness Simulations — Time invariance and High-frequency data

The table reports output of two simulation studies of the robustness of our estimation methods. In a first simulation (Panel A) we examine to
which extent the parameter estimates change with the sampling frequency. To this end, we simulate the quarterly data set-up with the same number
of observations as in the monthly set-up. Specifically, we compare the usual 25 years of monthly data to 75 years of quarterly data. In a second
robustness simulation (Panel B), we examine what our results would look like without exploiting the availability of daily interest rates, using instead
only used the end-of-period number. To this end, we simulate the data as usual, but only use the end-of-month and end-of-quarter short rate in our
estimation, rather than the integrals. We show the accuracy of the structural model parameters estimated using OLS, FGLS-SUR-IV, GMM, and
MEF for the AK-Vasicek model with three conditional moment restrictions. For 1,000 replications, we generate the data from the underlying data
generating process (DGP) and apply our estimation strategy. We show the median estimate, and provide the interquartile range below it.

Panel A: Robustness Simulations — Time invariance

Monthly Data Quarterly Data (75 years)
DGP OLS FGLS-SUR-IV GMM MEF OLS FGLS-SUR-IV GMM MEF
k0.2 0.349 0.299 0.345 0.354 0.236 0.179 0.246  0.246
0.286 0.134 0.345  0.284 0.116 0.058 0.145  0.120
v 0.1 0.201 0.101 0.100  0.100 0.190 0.101 0.101  0.100
0.036 0.013 0.014  0.013 0.023 0.008 0.009  0.008
n 0.01 0.083 0.008 0.010 0.010 0.065 0.007 0.010 0.010
0.036 0.004 0.001  0.001 0.019 0.002 0.001  0.001
p 0.03 0.080 0.030 0.030 0.030 0.075 0.030 0.030  0.030
0.015 0.006 0.007  0.006 0.009 0.003 0.004  0.003
0o 0.05 0.05 0.05 0.05 0.050 0.05 0.05 0.05  0.050
0.002 0.002
o 0.02 0.317 0.000 0.027 0.023 0.299 0.000 0.018 0.022
0.040 <0.001 0.047 _ 0.005 0.031 <0.001 0.052 _ 0.006

Panel B: Robustness Simulations — Daily vs. Monthly and Quarterly Short Rate

Monthly Data Quarterly Data

DGP OLS FGLS-SUR-IV GMM MEF OLS FGLS-SUR-IV GMM MEF
k0.2 0.188 0.395 0.164 0.356 0.184 0.387 0.144 0.353
0.444 0.260 0.164  0.286 0.444 0.287 0.137  0.305
v 0.1 0.241 0.100 0.099 0.098 0.236 0.100 0.099 0.094
0.205 0.013 0.017  0.012 0.195 0.013 0.018  0.013
n 0.01 0.077 0.009 0.010 0.010 0.075 0.009 0.010  0.010
0.105 0.004 0.001 0.001 0.102 0.003 0.002  0.001
p 0.03 0.104 0.030 0.030  0.030 0.101 0.030 0.031  0.030
0.095 0.006 0.006  0.006 0.091 0.006 0.007  0.006
o 0.05 0.05 0.05 0.05 0.048 0.05 0.05 0.05  0.045
0.002 0.004
o 0.02 0.389 0.000 0.000 0.023 0.383 0.000 0.032 0.024

0.435 0.011 0.038 0.005 0.427 <0.001 0.057 0.010




We also examine (ii), what our results would look like if we did not use the daily availabil-
ity of interest rates, but only the end-of-period number. To this end we simulate the data as
usual, but only use the end-of-month and end-of-quarter short rate in our estimation, rather
than the integrals. This simply neglects all within-period dynamics. In Table D3 we show
the results for monthly data and quarterly data (Panel B). Comparing to the results in Table
1 shows that neglecting within-period dynamics is not innocuous. The general pattern is that
it comes at the cost of increasing inter-quartile ranges and changing parameter estimates. In
particular, the estimate for the mean-reversion parameter x changes substantially for OLS,
FGLS-SUR-IV, and GMM. Moreover, we get into more severe identification problems for
o in the regression-based approaches and now also for GMM. In contrast, we observe only
minor efficiency losses for the MEF approach. Here, we still provide some information about
the dynamics of the stochastic process using the deterministic Taylor expansion (43). Table
D4 shows that the use of high-frequency observations may be more important for different
models and/or data. In particular, if the speed of mean reversion x is high, the daily ap-
proximations of integrals of financial interest rate data are important for identification of
the structural parameters of the macro model, such as the depreciation rate J. For example,
using DGP values k = 1 and 6 = 0.05, the end-of-quarter approximation of integrals suggests
that 0 = 0, and at the same time the high-frequency data approximation yields ¢ = 0.049.
These patterns suggest that both high-frequency data and/or more information about the
within-period dynamics help identify the parameters of interest.

To examine (iii) we simulate the DGP from the continuous-time system (15) and then
estimate the discrete time system (19). It turns out that while the model is misspecified, at a
first glance, it seems to be a (surprisingly) good approximation and the structural parameters
can be estimated from the simulated data (cf. Table D5). We may directly compare the
results to Table 1. We find that the median MEF point estimates are similar in both
approaches. A second look, however, reveals that the approximation has strong consequences
on the identifiability of structural parameters. As shown by Canova and Sala (2009), many
(linear) DSGE models share identification problems for (a subset of) model parameters.
Figure D2, which shows the elasticity of the objective function to the parameter values for
one draw of the simulated data, suggests that the continuous-time approach, where we use
the nonlinear model, may help the identifiability of structural parameters.® The objective
function is much steeper around parameter estimates in the continuous-time model (Panel

A), which implies elasticities at several orders of magnitude higher in the continuous-time

8 A nonlinear analysis of the discrete-time model requires solving (18) with some nonlinear approximation
scheme. Along those lines, we would arrive at an (implicit) dynamic equilibrium system which no longer
allows the application of our estimation methods. This is in contrast to our continuous-time approach where
an explicit dynamic equilibrium system is obtained using the stochastic calculus.
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Table D4: Robustness Simulations — High-frequency Data for Different DGPs
The table reports output of a simulation study of the accuracy of the structural model parameters estimated
using the MEF approach for the AK-Vasicek model, to illustrate the benefits of high-frequency data. In each
panel we show two types of results. First, estimation where the Riemann sum for the integral is replaced by
the end of month (“EoMth”) and end of quarter value (“EoQrt”). Second, the usual estimation using the
Riemann sum approximation of the integral (“Daily”). For 1,000 replications, we generate 25 years of data
from the underlying data generating process (DGP) and apply our estimation strategy. We show the median
estimate, and provide the interquartile range below it. In Panel A (a) we replicate the results from Tables
1 and D3. In Panel A (b) we report results for a DGP setting with a relatively high value of 1, whereas in
Panel B (a) and (b) we report results for relatively high values of both s and 7.

Panel A: Robustness Simulations — Daily vs. Monthly and Quarterly Short Rate (high 7)

(a) Monthly Data Quarterly Data (b) Monthly Data Quarterly Data
DGP Daily EoMth Daily  EoQrt DGP Daily FEoMth Daily  EoQrt
k0.2 0.354  0.356 0.353 0.353 0.2 0.228  0.212 0.228 0.189
0.284 0.286 0.305 0.305 0.342 0.328 0.342 0.374
v 0.1 0.099  0.098 0.099 0.094 0.5 0.521  0.521 0.521 0.589
0.013 0.012 0.013 0.013 0.308 0.707 0.308 42.475
n 0.01 0.010 0.010 0.010  0.010 0.1 0.099  0.099 0.099 0.099
0.001 0.001 0.001 0.001 0.009 0.009 0.009 0.021
P 0.03 0.030 0.030 0.030 0.030 0.03 0.031  0.031 0.031 0.032
0.006 0.006 0.006 0.006 0.006 0.006 0.006 0.006
) 0.05  0.050  0.048 0.050 0.045 0.05 0.043 0.037 0.043 0.028
0.002 0.002 0.003 0.004 0.034 0.028 0.034 0.052
o 0.02 0.023 0.023 0.025 0.024 0.02 0.022  0.022 0.022 0.020
0.005 0.005 0.010 0.010 0.007 0.007 0.007 0.772

Panel B: Robustness Simulations — Daily vs. Monthly and Quarterly Short Rate (high « and 7)

(a) Monthly Data Quarterly Data (b) Monthly Data Quarterly Data
DGP Daily EoMth Daily  EoQrt DGP Daily EoMth Daily EoQrt
Kk 0.5 0.754  0.740 0.754  0.724 1 1.129  1.123 1.129 1.162
0.434 0.463 0.434 0.552 0.436 0.443 0.436 0.985
v 0.5 0.538  0.532 0.538  0.541 0.5 0.498  0.476 0.498  0.452
0.125 0.122 0.125 0.217 0.029 0.032 0.029 0.032
n 0.2 0.196  0.197 0.196  0.197 0.1 0.100  0.100 0.100  0.105
0.019 0.019 0.019 0.042 0.007 0.006 0.007 0.018
p 0.03 0.031 0.031 0.031  0.032 0.03 0.031  0.031 0.031  0.031
0.006 0.006 0.006 0.007 0.006 0.006 0.006 0.006
0 0.06 0.048 0.038 0.048  0.011 0.05 0.049  0.026 0.049  0.000
0.038 0.042 0.038 0.053 0.011 0.013 0.011 0.001
o 002 0.022 0.022 0.022  0.020 0.02 0.022  0.022 0.022  0.001
0.007 0.010 0.007 0.355 0.003 0.004 0.003 0.018
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approach (Panel B). Moreover, within-period dynamics or the mixed-frequency property
of macro and financial data can no longer be exploited (as discussed above). Hence, in
models where the within-period dynamics are economically relevant and /or the nonlinearities
are economically important, this will probably also show up in forecasting performance.
Ultimately, it will be an empirical question whether these features matter in more elaborate
models.

Our conclusion from the robustness analysis is that if parameters are well identified, a
(log-linear) approximation of a more elaborate continuous-time model where no analytical
solution is available seems a promising route and may be the best-practice approach. While
it easily allows using mixed-frequency data, it keeps efficiency losses when estimating the

model at a minimum. We leave further analysis of this for future research.
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Table D5: Simulation Study — Monthly and Quarterly Data Discrete Time
The table reports output of a simulation study of the accuracy of the structural model parameters estimated using the OLS, FGLS-SUR-IV, GMM,
and MEF approaches to the AK-Vasicek model in Discrete Time. For 1,000 replications, we generate 25 years of data from the underlying continuous
time data generating process (DGP) and apply our estimation strategy. We show the median estimate, and provide the interquartile range below it.

Parameter Estimates from Simulation Study — Monthly & Quarterly Data

Monthly Data Quarterly Data

DGP OLS FGLS-SUR- IV GMM MEF OLS FGLS-SUR-IV GMM MEF
k 0.200 0.361 0.135 0.365 0.282 0.366 0.114 0.385 0.335
0.280 0.084 0.268  0.249 0.286 0.056 0.310  0.279

~ 0.100 0.103 0.101 0.099  0.096 0.107 0.103 0.108  0.105
0.016 0.015 0.013  0.015 0.019 0.018 0.017  0.023

n 0.010 0.010 0.010 0.010 0.012 0.010 0.010 0.010  0.011
0.010 0.010 0.000  0.014 0.011 0.010 0.000  0.008

p 0.030 0.034 0.033 0.031  0.030 0.039 0.034 0.039  0.036
0.011 0.009 0.007  0.006 0.017 0.012 0.012  0.013

o 0.050 0.050 0.050 0.050 %(8%17 0.050 0.050 0.050 %%gg
o 0.020 0.072 0.034 0.020  0.020 0.134 0.067 0.133  0.109

0.135 0.117 0.001 0.002 0.187 0.150 0.077 0.136




Figure D2: Simulation Study — Objective Function with Elasticity

The figure reports the elasticity of the objective function to the parameter values for both the continuous
time and discrete time models. For each model, one parameter is varied over the range of the horizontal axis
while the other parameters are fixed at the estimated values for each method. Both the criterion function
and elasticity (percentage change of objective function divided by percentage change of parameter value)
are reported, where the objective function is —1 times the inner product of the elements of Mr(¢). The
figure is an illustration for 1 of the 1,000 replications in the simulation study, with generated 25 years of data
from the underlying data generating process (DGP) in the case of monthly data. Panel A plots the criterion
function for both the continuous (solid line) and discrete time (dashed line) models, where the dot (reverse
triangle) is the estimated parameter value. Panel B plots the elasticity for both the continuous (solid line)
and discrete time (dashed line) models, where the dot (reverse triangle) is the estimated parameter value.
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E Appendix Tables

Table E1: Simulation Study — Sensitivity to DGP values

The table reports output of a simulation study into the sensitivity of the Table 1 monthly results for the
OLS (Panel A), FGLS-SUR-IV (Panel B), GMM (Panel C), and MEF (Panel D) methods to the parameter
settings used in the Data Generating Process (DGP). In each Panel, the top row reports the baseline DGP
settings and the second row the estimates obtained for these settings (these are the estimates of Table 1).
Then we vary one parameter at a time and consider two settings for each, one value lower than the one
used in the baseline setting, and one value higher than that of the baseline DGP setting (while keeping all
other parameters at the baseline settings). In all cases, for 1,000 replications, we generate 25 years of data
from the underlying DGP and apply our estimation strategy. We show the median estimate, and provide
the interquartile range below it.

Panel A: Parameter Estimates from Simulation Study —
OLS Sensitivity to DGP values

K gl n P 0 o
Baseline DGP settings 0.200 0.100 0.010 0.030 0.050 0.020

OLS for Baseline DGP %%169 0.201 0.083 0.080 0.050 0.317

0.036  0.035  0.015 0.040
DGP with k = 0.1 0.272  0.200 0.070 0.079 0.050 0.313
0.251  0.055  0.038  0.019 0.058
DGP with k = 0.5 0.628 0.201 0.112 0.081 0.050 0.319
0.348  0.018  0.033  0.009 0.024
DGP with v = 0.05 0.325 0.087 0.033 0.049 0.050 0.193
0.283  0.036  0.023  0.014 0.063
DGP with v =0.2 0.354 0.412 0.174 0.135 0.050 0.460
0.287  0.067  0.070  0.033 0.067

DGP with n = 0.005 0.354 0.206 0.087 0.083 0.050 0.325

0.286  0.034  0.035  0.017 0.047
DGP with n = 0.05 0.175 0.054 0.002 0.032 0.050 0.000
0310 0221  0.040  0.009 0.094
DGP with p = 0.01 0.349 0.201 0.083 0.060 0.050 0.317
0.286  0.036  0.035  0.015 0.040
DGP with p =0.1 0.349 0.201 0.083 0.150 0.050 0.317
0.286  0.036  0.035  0.015 0.040

DGP with § = 0.01 0.349 0.201 0.083 0.080 0.010
0.286  0.036  0.035  0.015

2 0.3
0 0.0

DGP with 6 = 0.1 0.349 0.201 0.083 0.080 0.100 0.317
0.286  0.036  0.035  0.015 0.0

DGP with ¢ = 0.01 0.348 0.201 0.083 0.080 0.050 0.317

0.284  0.034  0.035  0.012 0.037
DGP with ¢ = 0.05 0.351 0.200 0.083 0.080 0.050 0.319
0289  0.045  0.038  0.026 0.061
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Table E1, Panel B: Parameter Estimates from Simulation Study —
FGLS-SUR-IV Sensitivity to DGP values

K g n P 0 o
Baseline DGP settings 0.200 0.100 0.010 0.030 0.050 0.020
FGLS-SUR-IV for Baseline DGP  0.299 0.101 0.008 0.030 0.050 0.000
0.134 0013  0.004  0.006 <0.001
DGP with x = 0.1 0.263 0.101 0.009 0.030 0.050 0.000
0.146  0.022  0.004  0.006 <0.001
DGP with k = 0.5 0.403 0.100 0.006 0.030 0.050 0.000
0.150  0.006  0.003  0.006 <0.001
DGP with v = 0.05 0.404 0.051 0.008 0.030 0.050 0.000
0.214  0.012  0.003  0.006 <0.001
DGP with v = 0.2 0.220 0.201 0.006 0.030 0.050 0.000
0.117  0.014  0.006  0.006 0.020
DGP with n = 0.005 0.220 0.100 0.002 0.030 0.050 0.012
0.117  0.007  0.005  0.006 0.020
DGP with n = 0.05 0.541 0.151 0.029 0.030 0.050 0.000
0.305  0.045  0.038  0.006 <0.001
DGP with p =0.01 0.299 0.101 0.008 0.010 0.050 0.000
0.134  0.013  0.004  0.006 <0.001
DGP with p = 0.1 0.299 0.101 0.008 0.100 0.050 0.000
0.134  0.013  0.004  0.006 <0.001
DGP with § = 0.01 0.299 0.101 0.008 0.030 0.010 0.000
0.134  0.013  0.004  0.006 <0.001
DGP with 6 =0.1 0.299 0.101 0.008 0.030 0.100 0.000
0.134  0.013  0.004  0.006 <0.001
DGP with ¢ = 0.01 0.298 0.101 0.009 0.030 0.050 0.000
0.134  0.013  0.003  0.003 <0.001
DGP with ¢ = 0.05 0.301 0.100 0.000 0.030 0.050 0.037
0.136__ 0.013  0.007 __ 0.014 0.020
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Table E1, Panel C: Parameter Estimates from Simulation Study —
GMM Sensitivity to DGP values

K Y n P J o
Baseline DGP settings ~ 0.200 0.100 0.010 0.030 0.050 0.020
GMM for Baseline DGP  0.345 0.100 0.010 0.031 0.050 0.027
0.345 0.014 0.001 0.007 0.047
DGP with x = 0.1 0.265 0.100 0.010 0.031 0.050 0.026
0.312 0.024 0.001 0.007 0.049
DGP with x = 0.5 0.594 0.101 0.010 0.031 0.050 0.025
0.449 0.006 0.001 0.007 0.044
DGP with v = 0.05 0.335 0.053 0.010 0.031 0.050 0.033
0.327 0.013 0.001 0.007 0.062
DGP with v = 0.2 0.290 0.200 0.010 0.031 0.050 0.033
0.312 0.015 0.001 0.007 0.048
DGP with 7 = 0.005 0.330  0.100 0.005 0.030 0.050 0.022
0.319 0.007 <0.001 0.006 0.038
DGP with 7 = 0.05 0.352 0.197 0.050 0.042 0.050 0.157
0.351 0.554 0.050 0.265 0.678
DGP with p = 0.01 0.344 0.100 0.010 0.011 0.050 0.027
0.348 0.014 0.001 0.007 0.047
DGP with p = 0.1 0.345 0.100 0.010 0.101 0.050 0.027
0.345 0.014 0.001 0.007 0.047
DGP with § = 0.01 0.344 0.100 0.010 0.031 0.010 0.027
0.345 0.014 0.001 0.007 0.047
DGP with § = 0.1 0.344 0.100 0.010 0.031 0.100 0.027
0.346 0.014 0.001 0.007 0.047
DGP with o = 0.01 0.352 0.101 0.010 0.031 0.050 0.020
0.361 0.014 0.001 0.003 0.044
DGP with o = 0.05 0.344 0.100 0.010 0.031 0.050 0.052
0.325 0.015 0.001 0.017 0.032
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Table E1, Panel D: Parameter Estimates from Simulation Study —
MEF Sensitivity to DGP values

K gl n P g o
Baseline DGP settings  0.200 0.100 0.010 0.030 0.050 0.020
MEF for Baseline DGP  0.354 0.099 0.010 0.030 0.050 0.023
0.284 0.013 0.001 0.006 0.002 0.005
DGP with x = 0.1 0.212  0.099 0.010 0.030 0.050 0.020
0.239 0.026 0.001 0.006 0.002 0.003
DGP with x = 0.5 0.624 0.100 0.010 0.030 0.050 0.021
0.350 0.005 0.001 0.006 0.001 0.003
DGP with v = 0.05 0.393 0.050 0.010 0.030 0.050 0.021
0.324 0.014 0.001 0.006 0.002 0.006
DGP with v = 0.2 0.356  0.199 0.010 0.030 0.050 0.021
0.282 0.013 0.001 0.006 0.002 0.004
DGP with = 0.005 0.351 0.100 0.005 0.030 0.050 0.021
0.286 0.006 0.000 0.006 0.001 0.003
DGP with = 0.05 0.578 0.143 0.049 0.030 0.051 0.023
0.723 0.049 0.006 0.007 0.037 0.130
DGP with p = 0.01 0.355 0.099 0.010 0.010 0.050 0.022
0.283 0.013 0.001 0.006 0.002 0.004
DGP with p = 0.1 0.356  0.099 0.010 0.100 0.050 0.019
0.284 0.013 0.001 0.006 0.002 0.001
DGP with § = 0.01 0.356  0.099 0.010 0.030 0.010 0.023
0.282 0.013 0.001 0.005 0.002 0.005
DGP with § = 0.1 0.357 0.099 0.010 0.030 0.100 0.020
0.288 0.013 0.001 0.006 0.002 0.004
DGP with o = 0.01 0.355 0.099 0.010 0.030 0.050 0.011
0.294 0.013 0.001 0.003 0.002 0.001
DGP with o = 0.05 0.356 0. 010 0.030 0.049 0.054
0.282 0.013 0.001 0.014 0.002 0.010
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Table E2: Simulation Study — Monthly Data with Bias Correction
The table reports output of a simulation study of the accuracy of the structural model parameters estimated using the MEF approach to the AK-
Vasicek model, where bias correction methods are applied. We apply the formulas from Yu (2012, eq. (17)), Tang and Chen (2009, Theorem 3.1.1),
and two bootstrap methods inspired by Tang and Chen (2009, Section 4), where we bias correct based on both the mean and median simulated bias.
For 1,000 replications, we generate 25 years of data from the underlying continuous time data generating process (DGP) and apply our estimation
strategy. We show the median estimate, and provide the interquartile range below it.

Parameter Estimates from Simulation Study —
Monthly Data with Bias Correction Methods
Yu (2012) Tang and Chen (2009) Bootstrapped

DGP MEF (17) Theorem 3.1.1 Mean Median
K 0.200 0.355 0.278 0.192 0.150 0.204
0.285 0.280 0.283 0.306 0.313
ol 0.100 0.099 0.099 0.099
0.013 0.013 0.013
n 0.010 0.010 0.010 0.010 0.010
0.001 0.001 0.001 0.001
P 0.030 0.030 0.030 0.030
0.006 0.006 0.005
) 0.050 0.050 0.050 0.050
0.002 0.002 0.002
o 0.020 0.023 0.020 0.022

0.005 0.006 0.005
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Table E3: Simulation Study — Variance Terms and Five Conditional Moment Restrictions
The table reports output of a simulation study of the incorporation of additional moments for the OLS, FGLS-SUR-IV, GMM, and MEF approaches
to the AK-Vasicek model. For 1,000 replications, we generate 25 years of data from the underlying data generating process (DGP) and apply our
estimation strategy. We show the median estimate, and provide the interquartile range below it.

Parameter Estimates from Simulation Study — Monthly & Quarterly Data

Monthly Data Quarterly Data

DGP OLS FGLS-SUR- IV GMM MEF OLS FGLS-SUR-IV GMM MEF
k 0.200 0.168 0.299 0.311 0.285 0.171 0.227 0.177 0.244
0.141 0.134 0.348  0.425 0.155 0.119 0.265  0.422
v 0.100 0.100 0.100 0.102  0.100 0.100 0.101 0.110  0.100
0.015 0.013 0014  0.015 0.015 0.013 0.059  0.019
n 0.010 0.010 0.009 0.010 0.010 0.010 0.010 0.010  0.010
0.001 0.001 0.001  0.001 0.001 0.001 0.001  0.001
p 0.030 0.030 0.030 0.030  0.030 0.030 0.030 0.030  0.030
0.006 0.006 0.006  0.006 0.006 0.006 0.006  0.006
6 0.050 0.050 0.050 0.051  0.050 0.050 0.051 0.054  0.050
<0.001 0.001 0.002  0.002 <0.001 0.001 0.067  0.004

o 0.020 0.020 0.020 0.020  0.020 0.020 0.020 0.019

. . . . 0.020
0.001 0.001 0.001 0.001 0.002 0.002 0.002 0.002
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Table E4: Simulation Study — Sensitivity of Regression-Based Methods to §, and o
The table reports output of a simulation study of the sensitivity of the Table 1 monthly results for the regression-based OLS and FGLS-SUR-IV
methods to the §y and o settings. For &y, we consider the values 0.01, 0.05 (base), and 0.10, and for o, we consider the values 0.01, 0.02 (base), and
0.05. We set the restricted value for § equal to dy for internal consistency. Panel A reports the performance of the OLS method, and Panel B that of
the FGLS-SUR-IV method. Each panel consists of nine columns, where each column represents a dy and oy combination. For 1,000 replications, we
generate 25 years of data from the underlying data generating process (DGP) and apply our estimation strategy. We show the median estimate, and
provide the interquartile range below it.

Panel A: Parameter Estimates from Simulation Study — OLS Sensitivity to dg and og

0o = 0.01 09 = 0.05 0o = 0.10
DGP o09=0.01 o09=0.02 o5=0.05 00=0.01 09=0.02 09=0.05 0p=0.01 09=0.02 o09=0.05
k  0.200 0.292 0.295 0.305 0.349 0.349 0.350 0.354 0.354 0.354
0.281 0.282 0.286 0.286 0.286 0.286 0.281 0.281 0.282
v 0.100 0.108 0.109 0.114 0.201 0.201 0.206 0.312 0.313 0.317
0.034 0.034 0.033 0.036 0.036 0.036 0.053 0.054 0.054
n 0.010 0.039 0.040 0.042 0.083 0.083 0.085 0.131 0.131 0.133
0.026 0.026 0.026 0.035 0.035 0.036 0.051 0.051 0.052
p 0.030 0.054 0.055 0.057 0.080 0.080 0.083 0.111 0.112 0.114
0.012 0.012 0.012 0.015 0.015 0.015 0.024 0.024 0.025
6 0.050 0.010 0.010 0.010 0.050 0.050 0.050 0.100 0.100 0.100
o 0.020 0.222 0.224 0.234 0.316 0.317 0.324 0.401 0.402 0.408
0.051 0.050 0.047 0.041 0.040 0.040 0.057 0.057 0.058
Panel B: Parameter Estimates from Simulation Study — FGLS-SUR-IV Sensitivity to g and o
0o = 0.01 dg = 0.05 0o = 0.10
DGP o09=0.01 o09=0.02 o5=0.05 00=0.01 09=0.02 09=0.05 0p=0.01 09=0.02 o09=0.05
k  0.200 0.196 0.201 0.223 0.299 0.299 0.297 0.109 0.108 0.104
0.210 0.211 0.201 0.134 0.134 0.134 0.058 0.058 0.058
~  0.100 0.067 0.068 0.071 0.101 0.101 0.102 0.161 0.161 0.163
0.041 0.039 0.031 0.013 0.013 0.013 0.019 0.019 0.020
n  0.010 0.018 0.019 0.021 0.009 0.008 0.000 0.000 0.000 0.000
0.026 0.024 0.020 0.003 0.004 0.004 <0.001 <0.001 <0.001
p 0.030 0.038 0.038 0.039 0.030 0.030 0.031 0.032 0.032 0.033
0.008 0.008 0.008 0.006 0.006 0.006 0.006 0.006 0.007
6 0.050 0.010 0.010 0.010 0.050 0.050 0.050 0.100 0.100 0.100
o 0.020 0.132 0.133 0.140 0.000 0.000 0.036 0.058 0.061 0.077

0.033 0.032 0.028 <0.001 <0.001 0.018 0.042 0.040 0.033




9%

Table E5: Estimates — Variance Terms and 5 Moment Conditions
The table reports estimates for the structural model parameters estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the AK-Vasicek
model. For OLS and FGLS-SUR-IV, we use the variance terms for the consumption and interest rate equation, and for GMM and MEF, we use
five conditional moment restrictions. We run the estimation for monthly data (where production is measured by IP) and quarterly data (production
measured by GDP). The sample runs from January, 1982, through December, 2012. Asymptotic ¢-statistics are given below the estimates.

Parameter Estimates from Empirical Data

Monthly Data Quarterly Data
OLS FGLS-SUR-IV GMM MEF OLS FGLS-SUR-IV GMM MEF
k 0.096 0.083 0.030 0.069 0.114 0.065 0.045 0.048
0.436 0.270 0.185  0.679 1.064 2.083 0.769  0.697
v 0.101 0.101 0.045 0.108 0.134 0.130 0.089  0.098
4.002 1.671 0.186  0.602 2.715 2.329 2.054  0.924
n  0.018 0.018 0.005 0.007 0.028 0.019 0.000 0.007
1.284 0.444 0.669  0.051 0.693 0.608 <0.001  0.097
p 0.015 0.015 0.006 0.004 0.022 0.021 0.009 0.020
0.441 1.139 0.153  0.089 0.672 0.957 0.444  0.538
6 0.098 0.106 0.050 0.081 0.128 0.153 0.050  0.040
1.298 1.443 0.243 0.732 0.682 0.173
o 0.018 0.018 0.014 0.018 0.018 0.017 0.000 0.019

0.065 0.082 0.994 0.008 0.078 0.003 <0.001 0.010
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Table E6: Simulation Study — Iterated MEF Approach
The table reports output of a simulation study of the accuracy of the structural model parameters estimated using the iterated MEF approaches
for the AK-Vasicek model. For 100 replications, we generate 25 years of data from the underlying data generating process (DGP) and apply our
estimation strategy. We report estimates using the MEF approach with both three and five moment conditions for the regular MEF and iterated
approach, for two iterations. We show the median estimate, and provide the interquartile range below it.

Parameter Estimates from Simulation Study — Iterated MEF 3 and 5 Moments

Monthly Data Quarterly Data
3 Conditions 5 Conditions 3 Conditions 5 Conditions
DGP MEF two-step MEF MEF two-step MEF MEF two-step MEF MEF two-step MEF

k 0.200 0.348 0.239 0.288 0.200 0.353 0.316 0.241 0.209
0.309 0.202 0.480 0.204 0.310 0.339 0.366 0.129

~ 0.100 0.100 0.109 0.101 0.104 0.099 0.130 0.100 0.107
0.012 0.048 0.014 0.017 0.013 0.074 0.021 0.021

n 0.010 0.010 0.001 0.010 0.010 0.010 0.000 0.010 0.010
0.001 0.002 0.001 0.000 0.002 0.001 0.001 0.001

p 0.030 0.030 0.032 0.030 0.031 0.030 0.032 0.030 0.030
0.005 0.010 0.006 0.007 0.006 0.016 0.005 0.012

6 0.050 0.050 0.059 0.050 0.051 0.050 0.072 0.050 0.055
0.002 0.045 0.002 0.008 0.003 0.063 0.005 0.019

o 0.020 0.022 0.025 0.020 0.020 0.024 0.030 0.020 0.020

0.005 0.018 0.001 0.001 0.011 0.030 0.002 0.003
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