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C Definitions and Rules of Matrix Differentiation

The following results and their proofs were introduced in Vetter (1973) and later comple-
mented in Brewer (1978). They have been recently used in Chen and Zadrozny (2003) and
Lan and Meyer-Gohde (2013, 2014) for the construction of multidimensional derivative-
based approximations of functional problems without the need of multidimensional arrays
or tensor notation. Similar results have been applied by Gomme and Klein (2011) and
Binning (2013a,b).

Definition 1 (Jabobian matrix). Let x denote an n x 1 vector. The first-order derivative
of the vector-valued function g(x) : x — R™ with respect to the vector x is given by the

m X n Jacobian matrix

991 991
Ox1 e Oxn
gx =De{g(x)}=1]  + |, (C.1)
Ogm 9gm
Ox1 Tt Ozp

where " indicates transposition.

Definition 2 (Matrix derivative). Let x denote an nx 1 vector. The first-order derivative
of the matrix-valued function G (x) : x — R™*" with respect to the vector x is given by

the m x n? matrix

0 0

Gy = DXT{G(X)}:{ ]@G: [ G., ... G] (C.2)

where ® denotes the Kronecker product and G, is the derivative of the matrix-valued

function G (x) with respect to the scalar z; (i = 1,...,n) given by the m x n matrix
6G171 8G1,n
ox; to ox;
G, =D, {G(x)} = : : :
G m 1 8Gm.n
ox; e ox;

The k-th order derivative of the matrix-valued function G (x) : x — R™*" with

respect to the vector x is given by the m x n™ matrix

®[k]
Gy = Dy {G (%)} = ([ai' 0 } > ® G, (C.3)

x, Oz,

where [...]®" denotes the k-fold Kronecker product, i.e., [...]® ---®[...].

~
k times

Definition 3 (Multidimensional calculus). Let M (x), N (x) and P (x) be, respectively,

pxq, ¢xu and uXv matrix-valued functions of the n x 1 vector x. Moreover, let Q (w (x))
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be a p X ¢ matrix-valued function of the u x 1 vector-valued function w (x). Finally, let
R(Z (Y)) be a p x ¢ matrix-valued function of the u x v matrix-valued function Z (Y),
where Y is an s x ¢ matrix. Then, using definitions (C.1)-(C.3) the following results for

multidimensional calculus hold:

1. Matrix product rule:
Dy {M (x)N (x)} = Dy {M (x)} (I, ® N (x)) + M (x) D, 7{N (x)}, (C4)

where I, is an n X n identity matrix.

2. Matrix chain rule I:

Dy {Q (W (x))} = Dur{Q (W (x))} (Dxr{w (x)} ® 1), (C.5)
where I, is a ¢ x ¢ identity matrix.

3. Matrix chain rule II:
DY{R (Z (Y))} = DY{(VeC Z>T ® I;D} (It 02y DvecZ{R}) ) (06)

where I, is a ¢ x ¢ identity matrix, and vec is the vectorization operator that

transforms the © X v matrix Z into an uv X 1 vector.

4. Matrix Kronecker product rule:

D {M(x) ® P (x)} = D, {M ()} ® P (x) + (M (x) ® Dyr{P (x)}) (K, © L),

(C.7)
where K, ,, is a gn x ¢gn commutation matrix and [, is an v X v identity matrix (see
Magnus and Neudecker, 2019).



D Stochastic optimal control problem

Consider the following infinite horizon discounted stochastic optimal control problem

o0

V (xq) = max Eo /e“’tﬁ (x,u)dt
uc
0
subject to

dx = b (x,u;n) dt + \/no (x,u)dw, x(0) = x( given,

where x € X is the n, x 1 vector of state variables from the state space X C R™, u € U is
the n, x 1 vector of control variables from the control region U C R™ w is an n,, X 1 vector
of mutually independent Brownian motions, and n € R* is a perturbation parameter
rescaling the variance in the model. Further, 7 : X x U — R is the reward function, p > 0
the discount rate, b : XxUxR™ — R" the vector-valued drift function, and o : XxU —
R"*"w jg the diffusion matrix defining the n, x n, variance-covariance matrix ¥ = oo .

Choosing an admissible control u € U and defining V (x) : X — R as the value

function, the Hamilton-Jacobi-Bellman (HJB) equation is given by

pV (x) = max {ﬂ' (x,u) + 3 E; [dV (x)] }
Using 1t0’s lemma, it follows that

dV (x) = <Vx (x)" b (x,u;n) + Tntr [o‘ (x,u) o (x,u) " Vix (X)D dt-+/nVy (x)" o (x,u) dw,

where tr denotes the trace of a matrix, Vy is the n, x 1 vector of first-order derivatives of
the value function with respect to the state vector, and Vi is the corresponding n, x n,
matrix of second-order derivatives. Taking the expectation of the integral form and using

the martingale property of Brownian motions yields
E,[dV (x)] = <Vx (X)T b (x,u;7) + intr [2 (x, u) Vi (x)]) dt,

and the HJB equation becomes

ueld

pV (x) = max {7? (x,u) + Vi (x)" b(x,u;n) + i (vec 2 (x, u)) " vee Vig (%) },

where we used the relation between the trace of a matrix and the vec operator (see
Magnus and Neudecker, 2019). The first-order conditions read

Ta (X, 0) 4+ by (x,w; )| Vi (x) + inDu{(vec X (x, u)) " }vec Vi = 0, (D.1)



making the control variables a function of the state and costate variables u = U (x, Vi, nVax) =

U (x), where 7, is n, x 1 and by, is n, X n,. Then, the maximized HJB equation reads
PV (%) = 7 (6, U (%)) + Vi (%) (6,2 (x) 1)+ b1 (vee 2 (.U (%)) T vee Vi () . (D.2)

Equations (D.1) and (D.2) determine the unknown optimal value and control functions
in the state space, i.e., V (x) and U (x).
The costate variable follows from the first-order derivative of the maximized HJB

equation (D.2) with respect to the state vector, i.e.,
PVl) = (U () + U ()] T (x,U ()
Ve (3) b (3,2 (x) 1) + (L, & Vi (00)T ) vee (b (x,U (x) 7))
+ (Inz ® Vs (x)T) (U (x) @ 1,,,) vee (b (x,U (x) ;7))
(B (06U (1)) + Uy (%) Dy {(vee 3 (x,U (%))} vee Vi (x)

+ (Inz ® (vec X (x,U (x)))T> vee Vixx (X) )

Using the envelope theorem together with the properties of the vec operator and of the

Kronecker product, the costate equation becomes

PV (X) = o (3, U (%)) + 302 (%, U (x)) vee Vi (%) + b (x,U (%) 37) " Vi (%)
o Vi () B (.U (%) 577) + 31 (T, @ (vee 3 (.U (%)) T ) vee Ve (%)

which can be compactly written as
0 = a(x, Vi, nVix) + Vaxb (%, Vi, nVix; 1) + 7 Vaoex€ (X, Vi, nVix)
where

a(x,Vi,nVax) = mx+ %an vee Vix + bI Ve — pVy

c(x, Vi, nVax) = %VGC 3.



E The stochastic growth model

E.1 The HJB equation and the first-order conditions

By letting Xy =0 =0 and £ — oo, the model in Section 2 collapses to

V (Ko, Ag;m) = max E [/ e_ptﬂdt]
{Ct}toio 0

subject to

dK; = (exp(A)Ky —Cy—6K;)dt, K(0) = Ky > 0 given,
dA;, = —paAdt +\/no%dBa,, A(0) = Ag given,
where we have included explicitly the perturbation parameter, n, that rescales the amount

of variance in the model.

The HJB equation to the planner’s problem is

Cy cR+ 1_7

1—y
pV(Kt,At,n) = Imax {Ct —+ éEt |:dV<Kt7At7n)] }

Using Ito’s lemma together with the properties of stochastic integrals, the HJB equation

becomes

1—y
pV (Ky, Ai;n) = max {Ct + (exp(A) K} — Cy — 0K )Vie (K, Ay m)

Cier+ | 177

— paAVa(Ky, Ayin) + 5003 Vaa(Ke, Ay 77)}

The first-order condition for an interior solution is
Ct_v = VK(Kt;At§77)7 (El)

making optimal consumption a function of the state variables and the perturbation pa-
rameter, C; = C (K, A n).

E.2 Competitive equilibrium and the Euler equation

Substituting the first-order condition yields the maximized HJB equation

pV (Ky, Ag;n) = C(KtlAmeH + (exp(Ay) K}* — C(Ky, Aiin) — 0K Vi (Ke, A )
— paAVa(Ky, Agyn) + 3002 Vaa(Ke, Aisn)  (E.2)



from which we can obtain the costate variable for capital (using the envelope theorem) as

PVic (K, Aisn) = (exp(Ay) Ky — C(Ky, Aiyn) — 6K) Ve (Ky, A m)
+ (a eXP(At)Kta_l —0) Vi (Ky, Aisn) — paAiVar (K, A n) + %nU,QAVAAK(Kta Agim).

Using It0’s lemma, the evolution of the costate variable, Vi, is given by

dVi (K, Aisn) = Vi (K, A n)d Ky + Viga(Ky, Ay m)d Ay + %UUiVKAA(Kt, Ay n)dt
= (p—aexp(A) K} + 0)Vik (Ky, Ay n)dt + Viea(Ky, A n)y/no%dBay,

which describes the dynamics of the marginal utility of consumption. Using the first-order

condition, we obtain
dC; " = (p — aexp(A) K™ + 6)C;7dt — vC; ' Cay/noidBay.

After some algebra, the equation above becomes

which is the Euler equation for consumption in (50) (see Posch, 2011).

The system of equations formed by (E.1) and (E.2) characterize the unknown func-
tions V(K, A;n) and C(K, A;n) that define the general equilibrium in this economy.
Alternatively, this equilibrium can be obtained from the system of PDEs for the costate
variables, Vi and Vjy, and the first-order condition for consumption.

Notice that since we are only interested in the optimal policy for consumption, the
first-order condition suggests that it is enough to study the solution to system of non-

linear functional equations in the unknown functions {Vi (K}, Ay;n), C(Ky, A1)}

0 = (exp(At)Kf‘ - C(Kt, Ay; 77) - 5Kt)VKK(Kt7 Ay; 77) + (a eXP(At)Kta_l - 5)VK(K15’ Ay 77)
—paAVar (K, Aiin) + Ino2 Vaax (K, Ain) — pVic (Ky, A ),
0 = C(K,Aisn) 7 — V(K Ayn).

Substitution of the first-order condition into the PDE for the costate variable yields (38)

which can be compactly written as

H (XY, ¥x: Yxxi) = a(X,y) + yxb (X, ¥) + nyxxC (x,y) = 0,

with y = Vi and x = [Kt,At]T.



E.3 Approximate solution

We approximate the unknown policy function Vi = Vi (K, A;n) = Vi (x;7n) by means
of a Taylor series expansion around the DSS. The latter is given by the solution to (41).

Substituting into the functional H yields the new functional equation
F(x;m) = H (X, Vi (1), Viex (X:1) , Ve (X51) 517) = 0.

A first-order perturbation approximation to Vi (K, A;n) around the DSS is given by
Vi (K, A;n) = Vik + Vi (K — K) + Viga (A= A) + Vieyn,

where Vi is the DSS value of the costate variable. To find the unknown coefficients Vi x
and Vx4 differentiate F'(x;n) = 0 with respect to K and A to obtain

Fi (K, A;m) = (aexp(A) K + LV Wiee — 0)Vieke
+(exp(A)K® — Vi — 6K Viekeie
+a(a — 1) exp(A)K*?Vi + (aexp(A)K*™! — )V
—paAVakrk + o Vaaxk — pVk =0,

Fa(K,Am) = (exp(A)K + 2V " Wi Ve + (exp(A)K® = Vi = 6K)Vickea
+aexp(A)K* Wik + (aexp(A) K> — §)Viea
—paVak — paAVaxa + 5103 Vaaka — pVia =0,

which evaluated at the DSS, (K, A,n) = (K, A,0), become a system of equations in the

unknowns Vi g and Via

Fi (B, 200 = (p+ Ve " 'Vaer)Vix +ala — DE" Vi =0,
0) = B+ Wk " Via)Vx + (6 + )V — paVica = 0.

Notice that the system formed by Fx = F4 = 0 is partially decoupled. Hence, we
first solve for Vi from the quadratic equation implied by Fk (F, A; O) =0

%V_Kfl/WflVKKz + pVik + ala — 1)Fa72V_K =0,

which yields

—p =+ \/p2 — 4%04(@ — l)f(t’é_2l/'[(_l/7
1
Q;VK

To ensure that the value function is strictly concave in capital, we choose the root implying



Vi < 0. Next, we compute Vi 4 from the linear equation formed by F)y (E, A: 0) =0
(Ka + lev_Kil/ViviA) Vi + (04 p) Vic — paVika = 0,

which yields

—_ T, p— —a— —
VKA = — (%VK /= VKK — pA) (K VKK + ((5 + p)VK) .
To obtain Vi, we differentiate F' (x;7) with respect to n and get

Fy (K, Am) = 2V Wi Viere + (exp(A) K — Vig 7 — 6K) Vg,
+(aexp(A) K — 6)Viy — paAVary
+304Vaak + 3n03Vaaky — pVicn = 0,

which evaluated at the DSS becomes

F,(K,A;0) = leVK 1/7_1VK7;VKK + 303 Vaax = 0.

This is a linear inhomogeneous equation in the unknown Vg, and its solution is given by

Kn — 25 A  ——1/y—1

K VKK

QI'—‘

which depends linearly on Vi, Ve, and Vyag. The dependence of g, on gy and g, im-
plies that a first-order approximation to the policy function y = g(x;n) requires further

differentiation of F' with respect to x to be complete. Then, to find g,, we compute

Fiere (K, Ain) = (ala = D exp(A) K2 (1) 1V 7202 1V Wi ) View
+2 (a exp(A) K> + %VIEIM_IVKK — 5) VkkKi
+ (eXp(A)Ka S Vesta 5K) Vierexc + o — 1)(a — 2) exp(A) KV
+2a(a — 1) exp(A)K* Vg + (aexp(A) K —§ — p)Vikk
—paAVakkK + 3103 Vaakkk =0,
Fiea (K, Aim) = (aexp(A)K = (1 41) 2 VieaVier + 1V Wieaa ) Vi
+ (a exp(A) K> + lV_IM_IVKK — 5) Vikka
+ (exp(A) K + 2V, Wiea ) Viesere + (exp(A) K = VieT = 6K) Vicrcrca
+a(a—1)exp(A )K“ Vi + ala— 1) exp(A)K* Vi s + aexp(A) K Wik
+(aexp(A)K*™ =6 — p)Vikka — paVaxk — paAVakka + 3103 Vaakka =0,
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Faa (K, Am) = (exp(A)K* = (2 +1) 27202 4 2V Wigaa ) Vi

v
+2 (exp(A)Ka + lV_I/AY_IVKA) Vikka

+ <eXP(A)Ka - V_l/w 5K> Vicicaa + aexp(A) KV
20 exp(A) K Wiga + (aexp(A) K™ —§ — p)Vkan

—2pAVaxa — paAVaraa + 2noiVaarxaa = 0.

When evaluated at the DSS, the system of equations formed by Frxx = Fga = Fasa =0

reduces to the system of linear equations

Fra (K, 4;0)

from which we

= (a(a - l)fa_2 + (—% - 1) Vi e Vr + VK S 1%) Vi
+2 <p + %VK 1/7_1‘/1<1<> Vkkk
tala—1)(a— 2K " Vx + 2a(a — )K" *Vix =0,
= (aﬁail + <_:y ) S N P VK S 1VKAA) Vkk
+ (P + %V_K VKK) Vikrka+ (K + ;VK 1m> Vkkx
+ala - )K" Vg +ala — DK™ Viea + oK Vg — paVaxx =0,
= (?a + <—% - 1) S Vi 1/7_1VKAA) Vik

v

+2 (Fa + ,—1yVK 1/7_1VKA) Vikka

LK Ve 420K Vs — 204Varka — pVicaa =0,

recover Va4 to compute Vi, and, hence, complete the first-order ap-

proximation to Vi (K, A;n).

Using the approximated Vi, we obtain a first-order approximation to the consumption

function by linearizing the first-order condition around the DSS. More specifically,

C(K,An) =

V(KAn)‘lM
~ -1k ”“(vK_v—K)
= C—12Vk (VKK(K—F)+H(A—Z)+V_W7)
= C+Ck(K—K)+Cas(A-A4)+Cp,

where C' denotes the deterministic steady state for consumption and Cx, C4, and Fn are
given, respectively, by (47), (48), and (49).
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E.4 Risky steady state

As shown in Section 3.4, the first-order approximation to the RSS value for the state

variables, ([A( , A\), is given as the solution to
~ A~ N s~ N1y ~
exp( )KO‘—<VK+VKK(K—K>+VKA(A—A)+VK,7> SR [0]
—PAzZ
from where it follows that A = 0, and K solves the nonlinear equation

~ s~ I ~
R~ (Vi + View (R =K) +Vigy) =K =0,

Substitution of (K, A) in (42) and (46) yields an approximation to the RSS values for Vi
and O , respectively.
Alternatively, an approximate closed-form solution to the first-order RSS can be ob-

tained by first linearizing the drift of the capital stock accumulation equation around the

DSS which yields
b(K, A, Vic;n) =p (K —K) +exp(A)K (A A)+1 V e (Vic = Vi) -
Next, we substitute the first-order approximation to Vi (K, A;n) to obtain
17— /v—157— N7
b(I, Asm) = (p+ Vi1 Vi) (K~ )
+ (exp(@E” + LV Vien) (A= A) + 205 Vi,
which evaluated at the RSS becomes (using the fact that A=A= 0)
bR, A1) = (p+ Vi 7 Vi) (R = K) + Vi 77 Wiy = 0.
Then, the RSS value for the capital stock is given by
—1 - I P
K=K- (P +3 VK e 1VKK> %VK v IVKn-
Using (47)-(49) we can rewrite the above as

1

K = K+(p-Cx) G,
1 2 (1470)C(Ca/C)*~Tax
274 (p—Ck )Cx ’

I
=

which shows the dependence of the RSS on the model’s source of risk, o,. Moreover,

concavity of the optimal consumption function implies that K <K as long as p > Ck.
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F The discrete-time model

This appendix introduces a discrete-time version of the prototype RBC model studied in
the paper. The model follows closely that in Jermann (1998). Table F'1 gives a summary
of the model setup in continuous and discrete time. We also provide a summary of the
perturbation method for discrete-time economies in the spirit of Schmitt-Grohe and Uribe
(2004) and Fernédndez-Villaverde et al. (2016) and stress how certainty equivalence results
from a first-order approximation. Finally, we discuss the concept of the risky steady state

and how to approximate it based on the work by de Groot (2013).

F.1 The social planner’s problem

Consider the problem faced by a social planner with preferences over streams of con-
sumption, C;, which are summarized by the expected present discounted value of a rep-

resentative agent’s life time utility with subjective discount factor g € (0,1)

[70 = EO

— (G — X))
;ﬁ ﬁ] ) (F.1)

We assume that consumption is a non-negative choice that cannot fall below a subsistence
level, Cy > X;, where X; denotes internal habits in consumption. Following Grishchenko
(2010), the household’s internal habit is defined as X, = b>>'_ (1 —a)"*~" C4, or equiv-
alently,

X, =0C_1 + (1 —a)X,_1. (F.2)

The parameters a and b share the same interpretation as in the main text, although a
tilde on top of the parameters indicates that their value might not be the same due to
the discrete-time nature of the problem. Note that once again the household preferences
collapse to the standard time-separable case if Xy = b=0.

The aggregate output of the economy is produced using the Cobb-Douglas technology
Y, = exp (A;) K*L; ™, (F.3)

where K, is the aggregate capital stock, and L, is the perfectly inelastic labor supply

(normalized to one V¢ > 0). The former accumulates according to

Kt-‘rl - @ (It/Kt) Kt + (1 - (5) Kt7 KO > 07 (F4)
where
O/ Ky) = 157 (1K) ™6 + a, (F.5)

represents capital adjustment costs. The process A; describing the evolution of total

13



factor productivity (TFP), exp(A), is assumed to follow the AR(1) process
Apy1 = paAi +0a€a41, Ao >0, (F.6)

where p4 € (0,1) measures the persistence of TFP, 54 > 0 its volatility, and €4 ~ N (0, 1)

is a TFP shock. Finally, the economy satisfies the aggregate resource constraint

The problem faced by the social planner is that of choosing the time path for con-
sumption that maximizes (I.1) subject to the dynamic constraints (F.2),(F.4), and (F.6),
and the static constraints (F.3), (F.5), and (F.7):

V<K0, Ao, X0> = max UO s.t. (FQ) — (F?), (F8)

{Ct ZXt cR+ }1?10

in which C, > X, € R* denotes the control variable at time ¢ € Z, and V(KO,XO,AO)
the value of the optimal plan (value function) from the perspective of time ¢ = 0. For

any t € {0,1,2,...}, the Bellman equation is given by

‘7<Kt,At,Xt) = nax {M + BEtv<Kt+1aAt+17Xt+l)} (F9)

Ci>XERT 1=y

subject to

Kipn = @(W) Ko+ (1—0) K,
X = 0O+ (1-a) X,

Aipn = paAr +0a€aii.

The first-order condition for an interior solution is
(Cy— Xo) 7 + bAE, |:‘7X,t+1} =9 (W{#) PIE; [‘7K,t+1} ) (F.10)

where Vi1 = Vi (K1, Xeg1, Arr) and Vg = Vx (K1, Xig1, Aea) are the partial
derivatives of the value function with respect to the states K and X. Equation (F.10)
makes optimal consumption a function of the state variables, Cy = C(K;, Ay, X3).

By means of the envelope theorem, the costate variable with respect to capital is

defined by

Vico = (@ (22055 ) (0 = D esp(A) ;™ + )

14



while with respect to the habit by

‘7X,t =—(Cy— X)) "+ (1 —a)pE, [vX,tJrl] :

[e.e]

A solution to the planner’s problem is given by the sequence {17;@, 17X7t, Ky, Xy, At}
t=0
that solves the boundary value problem (with appropriate transversality conditions) char-

acterized by the system of equilibrium stochastic difference equations

Vo = (0 (220552 (0 - oAk + )

@ (SPAEEC) 1 = §) By [Vira | (F.11)

Vi = —(C,—X,) "+ (1—a)pBE, [F/X,M} , (F.12)

Xip1 = 0O, + (1 —a)X,, (F.13)
Kt+1 = @ ((exp(At)Kf‘ — Ct) /Kt) Kt + (1 — 5) Kt7 (F14)
A1 = padi+0a€aiin, (F.15)

together with initial conditions K (0) = Ky, X(0) = Xy, and A(0) = Ay, and where C;
solves the nonlinear algebraic equation in (F.10).

Table F'1 gives a summary of the model setup in continuous and discrete time.

\ Continuous time \ Discrete time
Objective function E, [ fooo e—ﬂ%dt} E, [Zfio gt % ]
Market clearing exp(A)K{L' > = C, + I exp(A)KPL'™ = C, + I,

Capital dynamics dK; = <<I> (%) — 5) K, dt Ky = <<I> (é—i) +(1— 5)) K,

Habit dynamics dXt = (bOt - (lXt> dt Xt+1 = BCt_l + ELXt_l
TFP dynamics dA; = —paAidt + 04dBa, Aip1 = pads + 0a€a1
TFP shock (BA,t-I—A - BAJ) ~ N (0, A) €EAL ™ N (0, 1)

Table F1. Summary of the two modeling frameworks.

F.2 Deterministic steady state

In the absence of uncertainty (64 = 0), the deterministic steady state is defined as

an equilibrium in which all variables in the economy are constant. Hence, given the
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assumptions on the capital adjustment cost function in (F.5), the deterministic steady

state is fully characterized by

= 0, (F.16)
- [ e
= exp(A)K" — 0K, (F.18)
be, (F.19)
(¥.20)
(F.21)

ey
L S Y
I

- L@-X)7,

—-L
= _ b SENE——

e = (1-:5)C-0)7,

where ‘7X and VK denote the deterministic steady-state values of the costate variables
for the capital stock and the habit formation. By setting 5 = 1/(1 + p), and b = b
and a = a, we ensure that the steady state values of the capital stock and the long-run

habit-to-consumption ratio are equal in the discrete- and continuous-time models.

F.3 Perturbation method

The equilibrium conditions of the model are summarized by equations (F.11)—(F.15).
As in the continuous time case, the policy functions that solve these conditions are not
available in closed form and, therefore, will be approximated using perturbation methods.

Let the augmented stochastic process driving TFP be given by

App1 = paAs +n0a€ai,

where 7 is the perturbation parameter that controls the standard deviation of TFP shocks
(but not the variance as in the continuous-time model).
Following Schmitt-Grohe and Uribe (2004), the equilibrium conditions can be com-

pactly written as
By (H(Yis1, i, Xe41,%51)] = 0, (F.22)

where x; = [Ky, Xy, At}T is the vector of state variables at time ¢, with initial value x,

~ o~ - T
Y = [VK,t, Vxt: Vag, C’t} is the vector of control variables at time ¢, and H is an operator
that collects the equilibrium conditions (F.11)—(F.15). The deterministic steady state is
then defined as the pair (¥,X) that solves

H(Y,¥,X,X;0) = 0. (F.23)
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The solution to the discrete-time model in (F.22) takes the form

ye = g(xun), (F.24)
Xt+1 = h<Xt§77)+n5'A€A,t+17 (F-25)

where g (-) is a vector of unknown policy functions that maps every possible value of x;
into y;, and h () is a vector of unknown policy functions that maps every possible value
of x; into x;;1. Substituting into the functional operator that defines the equilibrium

delivers the new operator

F(xe;n) = Ei [H (g8(h(xe;n) + noacarsi;n), (X n), h(xe;n) + noaear, xin)] = 0.
(F.26)
A perturbation-based approximation to the solution of the problem (F.22) builds a
Taylor series expansion of the unknown policy functions around the deterministic steady
state using the fact that (F.26) holds for any values of x; and 7. The latter implies that
all partial derivatives of the functional F'(x;;7) must be zero, i.e.,

Fg;knj(xt;n) :07 vxan7i7k7j7

i

where Fk,;(x¢; 1) denotes the derivative of I with respect to the i-th element in x; taken

k times, and with respect to n taken j times evaluated at (x;;7).

A first-order approximation to the policy functions is defined by

gxin) = 8(%0) 4 8x(X0)(xe — X) + g,(X;0)n,
h(x;n) = h(xX;0) +hye(X;0)(x¢ = X) + hy (X5 0)7,

where g(X;0) and h(X; 0) correspond to the deterministic steady-state values of the con-
trol and state variables derived from (F.23), and where the constants g(X;0), hy(X;0),

g,(X;0), h,(X;0) can be determined by solving the system of equations formed by

F(%0) = 0 Vi,
F,(x;0) = 0.

We refer to the first set of equations (those not involving the perturbation parameter) as
the perfect-foresight component of the approximation, and to the second set of equations
as the stochastic component of it (cf. Andreasen and Kronborg, 2018). The system of
equations resulting from the perfect-foresight component is quadratic in the unknowns
gx(X;0) and hy(X;0). We pick the solution ensuring stability of the model’s endogenous
variables, i.e., the stable manifold (cf. Blanchard and Kahn, 1980; Klein, 2000). The re-

maining constants, g,(X; 0) and h,(X; 0), correspond to the solution of the system of equa-
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tions formed by the stochastic component, the unique solution being g, (X;0) = h,(X;0) =

0 (cf. Schmitt-Grohe and Uribe, 2004; Fernandez-Villaverde et al., 2016). Hence

g(xin) = 8(X%0)+ gx(%0)(x; — %), (F.27)
h(x;;n) = h(X;0) + hy(X;0)(x; — X), (F.28)
implying that up to a first order, the approximation exhibits certainty equivalence, i.e.,
the solution of the model is identical to the solution of the same model in the absence of

uncertainty, n = 0.

Similarly, a second-order approximation to the policy functions is defined as
g(x;m) = 8(X;0) + 8x(X; 0)(x¢ — X) + 8, (X; 0)n
+ 58x(%; 0) (x4 — X) @ (¢ — X) + 8y (%5 0) (x¢ — X) @ 1) + 589(X; 0)%,
and
h(x¢; 1) = h(x;0) + hy (% 0)(x; — X) + hy, (X 0)
+ 1hyx (X 0) (x¢ — X) @ (x¢ — X) + hyy (X5 0)(x¢ — X) @ 5+ $hy, (X;0)1%,

where the definition of the matrices gxx(X;0), hx(X;0), g,,(X;0), and h,,(X;0) can be
found in Binning (2013a). These unknown coefficients correspond to the solution of the

system of equations formed by

Frw (%0) = 0 Vi j,

Fp(x:0) = 0.

As shown in Schmitt-Grohe and Uribe (2004), the cross derivatives gy, and hy, evaluated

at (X;0) are zero, and hence the second-order perturbation reduces to
g(xi; 1) = 8(X: 0) + 8 (% 0) (X — X) + 38xx(%; 0) (% = X) @ (%, — X) + 38(%X; 0), (F.29)

h(xs;7) = h(X;0) + hy(X; 0) (% — X) + $hsee (X5 0) (% — X) @ (% —X) 4 5hyy (X 0). (F.30)

Hence, solving a second-order approximation introduces a constant correction in the
policy functions that account for the effects of risk given by g,,(X; 0) and h,, (X;0), while
the slopes of the policy functions are not affected by risk as gx,(X;0) = hy,(X;0) = 0.
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F.4 Calibration

For the numerical exercises presented in the paper we calibrate the discrete-time model as
we do in the continuous time case. In particular, we set the risk aversion parameter and
the share of capital income to v = 2 and a = 0.36, respectively. The annual values for
the subjective discount rate and the depreciation rate are fixed to § = 1/(1+p) = 0.9606
and 0 = 0.0963, respectively. For the habit process we use a = 1 and b = 0.82, while
the adjustment cost parameter is calibrated to & = 0.3261. Finally, following Christensen
et al. (2016), the annual values for the persistence and volatility of the TFP are set to
pa = 0.8145 and 54 = 0.0278, respectively.

F.5 Risky steady state

Following de Groot (2013), it is possible to approximate the risky steady state of a
discrete-time economy by making use of the second-order approximation around the de-
terministic steady state. First, consider the second-order approximation to the transition

equation for the state variables in (F.30)
Xer1 = h(X;0) + hy (% 0) (%, — X) + £ hyx (X3 0) (%, — X) @ (x¢ — X) 4 50, (X;0) + Gacasr-

By setting the random disturbances to zero, €4,+1 = 0, we compute the risky steady-state
value of the state variables as the vector X that satisfies x;,; = x; = X, and thus solves

the quadratic equation
X =X+ hy(X;0)(X — X) + 3hu(X;0)(X — X) ® (X — X) + 3h,,(X; 0).

Once X is computed, it is possible to back out the implied risky steady-state values for

the control variables, ¥, by simply inserting X into (F.29)
V=7 +8x(%0)(X = X) + 38u(%0)(X = X) ® (X — X) + 58,(X; 0).

The corresponding risky steady state values for habit, capital stock, and consumption
resulting from the calibration in Section F.4 are X = 1.0608, K = 4.7184, and C =
1.2936, respectively.
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G Policy and Impulse-Response functions

For comparison purposes, this appendix reports the policy and impulse-response functions
(IRF) obtained from the discrete-time model in Appendix F. They are computed using
the software platform Dynare.

Figure G1 compares approximated policy functions for consumption across orders of
approximation; on the left-hand side (LHS) for the continuous time case and on the
right-hand side (RHS) for the discrete time case. Note that our calibration implies iden-
tical DSS across time assumptions. While the discrete-time first-order policy function
for consumption (solid line, RHS) goes through the DSS (approximation point) due to
certainty equivalence, the continuous-time First-Order approximation (solid line, LHS)
that breaks certainty equivalence does not. Only by shutting down the risk-correction,
the continuous-time First-Order (CE) approximation (dotted line, LHS) will go through
the DSS. Hence, as claimed in the main text, in this respect the First-Order (CE) resem-
bles the first-order approximation in discrete time. Further, note that in continuous time
the First-Order approximation is close to the Second-Order approximation (dashed line,
LHS) in the neighborhood of the DSS, while in discrete time this is not the case.

Continuous-Time Discrete-Time
1.3t 1.3¢
i< 1.29 < 1.29
|:><n \;><:“
< 128 < 1.8
Q Q
127} ........ First-Order (CE)| 1271
. — First-Order P —First-Order
g - - Second-Order ,// - - Second-Order
1.26 . . . . . 1.26 . . . . .
0.85 090 095 1.00 1.05 1.10 1.15 0.85 090 0.95 1.00 1.05 1.10 1.15
Capital stock Capital stock

Figure G1. Continuous- and discrete-time approximated policy functions. First-
and second-order approximations of the policy function for consumption around the DSS along
the capital lattice while keeping habit and productivity at their DSS values, C (K X, Z). A
circle denotes the DSS, a star the first-order approximation and a square the second-order
approximation of the RSS.
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Figure G2 plots the approximated IRFs for consumption to a one standard deviation'
shock in TFP across orders of approximation: on the LHS the continuous time case and
on the RHS the discrete time case. As the first-order approximation in discrete time
(solid line, RHS) is certainty equivalent, the corresponding IRF starts in the DSS, where
it also converges to. A similar shape is observed for the IRF from the First-Order (CE)
approximation in continuous time (dotted line, LHS). Again, in discrete time we observe
a large difference between first- and second-order approximated IRFs (solid vs. dashed
line, RHS), since only the second-order approximation is risk-sensitive. In contrast, the
differences between the IRFs resulting from the First- and Second-Order approximation
in continuous time (solid vs. dashed line, LHS) are minor reflecting the fact that both
approximations of the policy function are similar in the neighborhood of the DSS (see
Figure G1).

Continuous Time Discrete Time

1.32 T T 1.32 T T T
........ First-Order (CE) i —— First-Order
—First-Order o - - Second-Order
- - Second-Order
1.31 1.31F
z 1.3t z 13
— —
1.29¢+ 1.29¢+
1.28 : : : : : 1.28 : : : : :
10 20 30 40 50 60 10 20 30 40 50 60
Years Years

Figure G2. Comparison of IRFs to a shock in TFP. It plots the impulse response
functions (IRFs) for the first- and second-order approximations of the policy function for con-
sumption in continuous and discrete time. The variables in the economy are assumed to be in
their corresponding DSS or RSS before the shock hits. A circle denotes the DSS, a star the
first-order approximation and a square the second-order approximation of the RSS.

'More precisely, for ease of comparison, we impose in both time assumptions an impulse of one
standard deviation of the continuous-time model, i.e., 04 = 0.0307.

21



H Additional results

H.1 Pricing errors

Figure H1 reports the percentage (absolute) pricing errors for different approximations
under the assumption that the true data generating process is given by the global ap-
proximation to the nonlinear stochastic model. The First-Order (CE), First-Order and

Second-Order have been already introduced in Figure 3 in the main text.

50

-------- First-Order (CE)
-@-Nonlinear CE

45 |— First-Order )
- - Second-Order

40 |- (First-Order (CE) - First-Order) 7

percent
N N w w
o a1 o a1
T T
1 1

=
(&)

10

0.5 1 15 2 2.5 3 3.5 4 4.5 5
maturity (years)

Figure H1. Decomposition of pricing errors. The graph plots the pricing errors resulting
from First-Order (CE), First-Order, Nonlinear (CE), Second-Order, and the difference between
the first two assuming that the true data generating process is the nonlinear stochastic solution.

The pricing error generated by the First-Order (CE) can be decomposed into: (i) the
error stemming from the linearization of the nonlinear and stochastic policy function,
which is captured by the First-Order approximation, and (ii) the error stemming from
the imposition of certainty equivalence in the linear world. The latter is captured by the
difference between First-Order (CE) and First-Order, and it is represented by the black
line with diamonds: it measures the fraction of the pricing error that can be attributed to
the imposition of certainty equivalence when using the First-Order (CE) solution. This
measure can alternatively be interpreted as the reduction in the pricing errors that will
be induced by the use of the (risk-sensitive) First-Order approximation.

Figure H1 presents an additional breakdown of the pricing errors generated by the
use of the First-Order (CE). In particular, it is possible to decompose this error into
(i) the error stemming from imposing certainty equivalence in the nonlinear world, and

(ii) the error stemming from linearization in the presence of certainty equivalence. The
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former is given by the approximation of the policy function using a global method in a
deterministic environment (Nonlinear CE, blue line with circles), while the latter would
be given by the difference between the Nonlinear CE and the First-Order (CE).

By comparing the black line with diamonds and the blue line with circles, we can
infer the effects from imposing certainty equivalence on the quality of the approximation.
The first one provides a measure of this error in the linearized world, while the second
one does it in the nonlinear world. The results suggest that the error reduction one
would obtain from using the First-Order approximation is very close to the error one
makes when imposing certainty equivalence in the nonlinear global solution. This can be
interpreted as our First-Order approximation removing all of the error stemming from
certainty equivalence such that all the remaining error can be attributed to linearization
and, thus, is inevitable. Therefore, the First-Order approximation in continuous time

makes it possible to account for the effects of risk in a linear framework.

H.2 HJB equation errors

Following Judd and Guu (1993) and Parra-Alvarez (2018), we compute the unit-free HJB
equation errors (HJB residuals) to assess the numerical accuracy of the approximation
obtained by the perturbation method. This approach, which is similar to the Euler
equation errors commonly reported in the discrete-time literature (see e.g. Aruoba et al.,
2006), measures how much the HJB equation deviates from zero at a predefined set of
values for the state variables. Therefore, the HJB equation errors can be regarded as a
measure of optimization errors that indicate the welfare loss from suboptimal behavior
due to numerical approximation errors.

For any admissible value of the state variables, the HJB residual measures how close
to zero the HJB equation is when using method m to approximate the unknown policy
functions. For the prototype economy of Section 2, the normalized or unit-free HJB
residual is defined as

S
H(B((exp(A)K® — CU(K, X, A)/K) — ) KVI (K, X, A)
HOC™ (K, X, A) — aX)VIN(K, X, A) — paAVI™(K, X, A)

for all (K, X, A). Notice that Ryyp(K, X, A) =0 for all (K, X, A) when evaluated at the
true policy functions.

Table H1 summarizes the HJB residuals for the different approximations to the un-
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Approximation (m) Average HJB residual Max HJB residual

First-Order (CE) —2.9737 —0.8747
First-Order (CE, LL) —2.7101 —0.8274
First-Order —2.8809 —0.8926
First-Order (LL) —2.9969 —0.8396
Second-Order —3.6630 —1.1846
Collocation —4.7526 —3.4950

Table H1. HJB equation errors. The table reports the average HJB residuals, F1, and the
maximum HJB residual, Eo, for each of approximation method m over the hypercube formed
by [0.85K,1.15K] x [0.85X,1.15X] x [0.9¢4, 1.1e4].

known policy functions C(K, X, A), Vi (K, X, A), Vx(K, X, A), Va(K, X, A). It reports

the logl0 magnitude of the following measures:

nKg mx nNA

B =L N3N RL(K;. X, Ay), and B =max RjL(K;, X, Ay,

=1 i=1 k=1 J

where Efm) is the average HJB residual, and EC(;J" ) is the maximum HJB residual, com-
puted over a predefined state-space with ngx points in the capital stock lattice, nx points
in the habit lattice, and n4 points in the TFP lattice. Sometimes, E& ) is preferred since
it bounds the error made by using a given approximation (cf. Aruoba et al., 2006). A
value of -3 indicates that for every thousand units of life-time utils, the agent makes an
error of 1 unit of life-time utils by using a given approximation.

The results show that the collocation method produces lower HJB residuals than those
generated by (local) perturbation methods. Besides the approximations discussed in the
main text, we also report, under the headings First-Order (CE,LL) and First-Order (LL),
the HJB residuals obtained when computing the first-order perturbation approximation
on the logs of the unknown functions instead of their levels. They produce HJB resid-
uals that are of the same order of magnitude of those produced when approximating
the levels. Finally, while {V (K, X, A), C(K,X,A)} in (12) provide necessary and suffi-
cient conditions for an optimum, the functions {Vx (K, X, A), Vx (K, X, A), Va(K, X, A),
C(K,X,A)} for the system (13) to (16) only provide necessary conditions. However, the
small HJB residuals generated by all the approximations indicate that the solution also

satisfy both the HJB equation and the first-order conditions.
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